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Question 1.

(a) Let f(x + iy) = x4 − 6x2y2 + y4 + 4x3yi− 4xy3i + y2i. Find the region D
(i) where f is differentiable, (7 points)
(ii) where f is analytic. (3 points)

(b) Let u(x, y) = x2 − y2 + x− y.
(i) Show that u is harmonic everywhere. (4 points)

(ii) Find an analytic function f so that Re(f(z)) = u(x, y) and f(1 + i) = 0? (6 points)

Answer 1.



Question 2.

(a) Evaluate lim
n→∞

in2 − in + 1− 3i

(2n + 4i− 3)(n− i)
if it exists. (10 points)

(b) Find the radius of convergence of the power series
∞∑
n=0

(1 + (−1)n)nzn. (10 points)

Answer 2.



Question 3.

(a) Solve the equation eiz − e−iz = 2i. (10 points)

(b) Find the image of the rectangle {(x, y) : 0 ≤ x ≤ 1, 0 ≤ y ≤ π
4
} under ez. (10 points)

Answer 3.



Question 4.

(a) (i) Find all values of log(−
√

3− i). (5 points)
(ii) Find the principal value of (1 + i)2−i. (5 points)

(b) (i) Write

f(z) =
z + i

z2 + 1
in the form u(x, y) + iv(x, y). (5 points)

(ii) Write

(
1 + i√

2

)2010

in a + bi form. (5 points)

Answer 4.



Question 5.

(a) Find the image of |z − 1| = 1 under the mapping w = 1
z
. (10 points)

(b) Let

f(z) =


z Re(z)

|z|
z 6= 0,

0 z = 0.

Show that f is continuous at the origin. (10 points)

Answer 5.
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Question 1.

(a) Prove that

arctan z =
i

2
log

(
i + z

i− z

)
.

(10 points)

(b) Solve the equation tan z = i
√

3. (10 points)

Answer 1.



Question 2.

(a) Evaluate ˆ

C

ez̄ dz,

where C is the line segment from the origin to the point 1 + i. (10 points)

(b) Evaluate ˆ

C

cos z dz,

where C is the polygonal path from 0 to 1 + i that consists of the line segments from 0 to
1 and 1 to 1 + i. (10 points)

Answer 2.



Question 3.

(a) Let C be the circle |z − 2i| = 1. Evaluate

(i)

‰

C

z + i

z3 + 2z2
dz. (5 points)

(ii)



C

2

2z − 3i
dz. (5 points)

(b) Let C denote the boundary of the square whose sides along the lines x = ±2 and y = ±2.
Evaluate ‰

C

cos z

z2(z2 + 8)
dz

(10 points)

Answer 3.



Question 4.

(a) Find the Laurent series expansion of f(z) =
1− z

z − 3
which is valid in |z − 1| > 2.

(10 points)

(b) Find the first five terms of the Maclaurin series of f(z) = tan z which is valid in |z| < π
2
.

(10 points)

Answer 4.



Question 5.

(a) Locate the zeros and poles of f(z) =
sin z

z2 + z
and determine their orders. (10 points)

(b) Determine whether the function f(z) defined by

f(z) =

 z sin
(

1
z

)
when z 6= 0

0 when z = 0

is continuous or discontinuous at z = 0. (10 points)

Answer 5.
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Question 1. In each part, classify the isolated singularity of f at z = 0 and find the corresponding
residue.

(a) f(z) =
1

z + z2
. (10 points)

(b) f(z) = z cos

(
1

z

)
. (10 points)

(b) f(z) =
z − sin z

z
. (10 points)

Answer 1.



Question 2. In each part, evaluate

(a)

‰

|z|=3

1

z5 − z3
dz. (10 points)

(b)

‰

|z|=1

z6

1− 2z8
dz. (10 points)

Answer 2.



Question 3. Evaluate (20 points)ˆ 2π

0

sin θ

2− cos θ
dθ.

Answer 3.



Question 4. In each part, evaluate

(a) P.V.

ˆ ∞
−∞

1

x4 − 1
dx. (15 points)

(b) P.V.

ˆ ∞
0

cosx

x4 − 1
dx. (15 points)

Answer 4.



Question 5.

(a) Determine the number of roots of the equation z6 − 5z4 + 10 = 0 on
(i) |z| < 1. (3 points)
(ii) |z| < 2. (3 points)

(iii) |z| < 3. (3 points)
(iv) |z| > 3. (3 points)

(b) Determine the value of 4C arg f(z) if C is the circle |z| = 2, described in the positive sense

and f(z) =
(z3 + 2)(z − 1)

z5(z2 + 5)
. (8 points)

Answer 5.




