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e The exam consists of 5 questions of equal weight.

e Please read the questions carefully and write your answers under the corresponding ques-
tions. Be neat.

e Show all your work. Correct answers without sufficient explanation might not get full
credit.

e Calculators are not allowed.

GOOD LUCK!

Please do not write below this line.
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20 20 20 20 20 100




Question 1.
(a) Let f(x +iy) = 2* — 62%% + y* + 423yi — 4ay>i + y*. Find the region D

(i) where f is differentiable, (7 points)

(ii) where f is analytic. (3 points)
(b) Let u(z,y) =22 —y* + 2 —y.

(i) Show that u is harmonic everywhere. (4 points)

(ii) Find an analytic function f so that Re(f(z)) = u(z,y) and f(1+4¢) =07 (6 points)

Answer 1.



Question 2.

. 2 _ . 1 _ 3 .
(a) Evaluate lim (2m+ 4Z,n —S)( Z‘) if it exists. (10 points)
n—oo (2N 1 — n-—1

oo

(b) Find the radius of convergence of the power series Z(l + (=1)™)"=". (10 points)
n=0

Answer 2.



Question 3.
(a) Solve the equation € — e~ = 24. (10 points)
(b) Find the image of the rectangle {(z,y): 0 <2 <1, 0 <y < 7} under €. (10 points)

Answer 3.



Question 4.

(a) (i) Find all values of log(—v/3 — 7).
(ii) Find the principal value of (1 +)*~".
(b) (i) Write

in the form wu(z,y) + iv(x,y).
14 i 2010
ii) Write { —= in a + bi form.
w e (75

(5 points)
(5 points)

(5 points)

(5 points)

Answer 4.



Question 5.

(a) Find the image of |z — 1| = 1 under the mapping w = 1. (10 points)
(b) Let
R
2z Re(z2) 240
e =4 W
0 z2=0
Show that f is continuous at the origin. (10 points)

Answer 5.
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e The exam consists of 5 questions of equal weight.

e Please read the questions carefully and write your answers under the corresponding ques-
tions. Be neat.

e Show all your work. Correct answers without sufficient explanation might not get full
credit.

e Calculators are not allowed.

GOOD LUCK!

Please do not write below this line.
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20 20 20 20 20 100




Question 1.
(a) Prove that

1 14z
arctan z = §log ( > .

i—z
(10 points)
(b) Solve the equation tan z = iv/3. (10 points)

Answer 1.



Question 2.

(a) Evaluate

/ez dz,
c

where C' is the line segment from the origin to the point 1 + i. (10 points)
(b) Evaluate
/ coszdz,
c
where C' is the polygonal path from 0 to 1+ ¢ that consists of the line segments from 0 to
land 1 to 1+1. (10 points)

Answer 2.



Question 3.
(a) Let C be the circle |z — 2i| = 1. Evaluate

(i) %Z—H dz (5 points)

2342227
C

(ii) §I§ 2 dz. (5 points)

22 — %
c
(b) Let C' denote the boundary of the square whose sides along the lines + = £2 and y = +2.

Evaluate
CoS 2 I
% 22(22 + 8)

C

(10 points)

Answer 3.



Question 4.

1—
(a) Find the Laurent series expansion of f(z) = —; which is valid in |z — 1| > 2.
Z —

(10 points)

(b) Find the first five terms of the Maclaurin series of f(z) = tan z which is valid in 2| < 7.
(10 points)

Answer 4.



Question 5.
sin z
2

(a) Locate the zeros and poles of f(z) =

244z

(b) Determine whether the function f(z) defined by
zsin (%) when 2z # 0
f(z) =

0 when z=0

is continuous or discontinuous at z = 0.

and determine their orders.

(10 points)

(10 points)

Answer 5.
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e The exam consists of 5 questions.

e Please read the questions carefully and write your answers under the corresponding ques-
tions. Be neat.

e Show all your work. Correct answers without sufficient explanation might not get full
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e Calculators are not allowed.
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Question 1. In each part, classify the isolated singularity of f at z = 0 and find the corresponding
residue.

(a) f(z) = Z_iZQ' (10 points)
(b) f(z) = zcos (é) (10 points)
(b) f(z) = z——zsmz (10 points)

Answer 1.



Question 2. In each part, evaluate

(a) 35 ﬁ dz.

|z|=3

|2[=1

(10 points)

(10 points)

Answer 2.



Question 3. Evaluate (20 points)

27 :
/ sin 0 m
o 2—cosf

Answer 3.



Question 4. In each part, evaluate

©
(a) P.V. / e (15 points)
(b) P.V. /0 ;408_:161 dx. (15 points)

Answer 4.



Question 5.
(a) Determine the number of roots of the equation 2° — 52* +10 =0 on

(i) |2 < 1. (3 points)
(i) |2| < 2. (3 points)
(iii) |z| < 3. (3 points)
(iv) |z| > 3. (3 points)

(b) Determine the value of A¢ arg f(2) if C is the circle |z| = 2, described in the positive sense
and f(2) = (22 +2)(z —1)
2522 +5)

(8 points)

Answer 5.





