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1. Suppose z ( 7 > .

a) Find |z|.

b) Find Arg (z). Here Arg(z) denotes the principal argument.
Solution:

a)

b)

144 = +/2e'7. Thus 229 = ¢!

multiple of 27, to get it to be in the interval (—m,7]:
20097 (1 + 2008) s
1 1 s 1 + :O s

We conclude that Arg (z) = 1

Tr 2009
“T" . To find Arg (2), we need to modify Tﬂ by an integer




2.
a) Find all of the roots for

(_27)1/3
in rectangular coordinates, exhibit them as vertices of certain regular polygon, and identify the
principal root.
b) Find the limit, if it exists,
, 22 —2i
Solution:
a) We need only write
—27=27exp[i (—m 4+ 2km)] (k=0,£1,£2,--)
to see that the desired roots are

2k
¢ = 3exp [z (—g—i—%)} (k=0,1,2).

They lie at the vertices of an equilateral triangle, inscribed in the circle |z| = 2, and are equally

s
spaced around that circle every 5 radians, starting with the principal root.

Co = 3exp [Z (-Iﬂ =3 <cosz —z'sinz> = M

3 3 3 2
2 3+1i3v3
Then ¢; = 3exp {z (—g + g)} = 3exp [2 <g)} =3 (Cosg + 7 sin g) = %\/_ and simi-
larly

4 4
co = 3exp {z (—g + %)} = 3exp {z (—g + g)} = 3exp (ir) = —3.

These roots can of course be written

2 2 T
Co, Cows, Cows where w3 = exp z?

b)
, 22— 2 22— (1+4)
lim —— = lim -3
2—14i 22 — 22 + 2 a=lti (2 — 1)+ 1
(z—=1—-d)(z+1+4) . (2+1+1)

— ki —
i1 i) (z—1+4) =tri(z—1+4)

l+i+1+i  2+2

; - = — =11
14+2—1+¢ 21




3. Suppose
u(z,y) =2 — 3oy +y + 2.
a) Show that u (x,y) is harmonic in some domain and find a harmonic conjugate v (z,y).
b) Find the analytic function f (2) = u (x,y) +iv (z,y) with f (1 —i) = —1
Solution:
Since all partial derivatives of u are continuous and u satisfies the Laplace’s equation ;g 41y, =
6z — 6z = 0, u must be harmonic. To find a harmonic conjugate v,

v, = u, =323y
— v=23r% -y’ + 6 (2)
vy, = —u, = 6ry+¢ (v)=06zy—1
= ¢ (z) =-1
— ¢(x)=—-z+C
— v(r,y) =32 -y —2+C
b) Therefore,
f(z) = (®=3ay’+y+2)+i(B%y—y’—2+0C)
1= i)
= (1-)1M)-1+2)+i(B M) - (=) -1+0)
= —1+i(C-3)
— (=3

Hence
f(z) = (x3—3xy2—|—y+2)+i(3x2y—y3—x+3)
(=2 —iz+2+43i).




4. Determine where
f(2) = 32%y* — i62%y?

(a) is differentiable and,
(b) is analytic.
Solution:
a) Here u (z,y) = 32%y* and v (z,y) = —62°y*. We check the Cauchy-Riemann equations:
u, = v, — 6zy® = —122%y — 62y (y + 2z) =0
u, = —v, — 61’y =122y> — 62y (v — 2y) = 0.
These both hold for either x = 0 or y = 0, i.e., on the real and imaginary axes. In addition,
the partials u,, u,, v, v, are continuous there. Therefore, 3x%y? — i62%y? is differentiable on the

real and imaginary axes.
b) However, there is no e-neighborhood of a point on the axes which contains only points where

the function is differentiable. Therefore it is nowhere analytic.




5. Give all possible values of the following in the form z + 7y.

a) log (—32')7.

b) Log e*™'2™.

) 43
(1—d)(2—14)(3—1)

Solution:

a)

log (—3i) = In|—3i| + i arg (—i) = In3 + i (—g + 2k7r) e=0,41,+2 ...

b)

T
LOg €2+227r

7
= In [e?T27

c)

43

i (275 =1 (@) +1(-)

—9_ i

2 2

43 43 2

(1—12)(2—1)(3—1)

(1-3i)(3—4) —10i 5




6. Sketch each of the following sets €2.Determine if ) is open, closed, connected, domain.
a)Q={z=xz+iy|z>1orz <0}
b) Q={z|—-1/2 <z <1/2and |z] > 1}.
Solution:
a) The set
Q={z=z+iy|z>1orx <0}

is closed, not open, disconnected and not a domain.

b) The set
Q={z|-1/2<z<1/2and |z| > 1}
is closed, not open, not connected and not a domain.
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1. Find all values of z satisfying

Solution:

) -

IR A

Zn

tan (f) =0
2

%i s S0 05) o,
cos (%)
(eiz/2 2) /2i
(672 + e~ zz/2) /2
e—iz/? ( _ 1)
ei2/2 (7 + 1) -
e —1

e +1

3¢ = —1

=2

=2

eiz——1:>iz—lo 1l
B RS

1
=In- +14

3

(I+2n)7+iln3, n=0,£1,4+2,---

(m + 27n)




2. Evaluate the integral Res

/ Log z dz
c

C={z€C:z=(1+0)t,1<t<3}.

along the contour

Solution:
Method I:
3+3i ‘ ‘
/ Logz dz = [zLog z]jjj[i” — [z]jfl’ifz
1+
— (3+30)Log(3+3i) — (1+i)Log (1 +1i) — (2 +2i)
. LT . LT .
= @+30) (n(3v2) +i7) = (1) (0 (V2) +i]) - 2+ 20)
= (1+4)(In2+3W3—2) —(1—@)%
Method 11:

/CLogz dz = /C(1n|z| +z%) dz = /13 (ln (\/ﬁt) +z%) (147) dt
= [(m(var) -3y @i [ (w(vE)+]) @
— (1+z)/131n(\/§t> dt—(l—z’)/j%dt.
For the integral / ’ In (\@t) dt, we have

3 31 3 3 1
/m(\/ét) dt = /§1n2dt+/ 1ntdt:1n2+[t1nt]?;—/ tosdt
1 1 1 1

= In2+3In3 - 2.

Therefore

/Logzdz: (1+i)(1n2+31n3—2)—(1—@')%.
C




3. Evaluate
/ f(z) dz
c

f(z)=a"+ay”
and C' is the boundary of the triangle with vertices
(0,0),(1,0),(1,1)

where

Solution:

/f(z) dz= | f(2) dz+ | f(2) dz+ | [f(2) dz
C C1 Cy Cs
where we parametrize the legs as follows
onC, : z=t f(z)=1t% 0<t<1
onCy @ z=14it, f(z)=1+it?, 0<t<1
onCs : z=(1—-t)(1414), fz)=10-1t)*(1+13), 0<t<1

/le(z) dz = /01t2dt:§
1

/sz(z) dz = /01(1+z't)2 idt =i — 3
/(J3f(@ dz = /01<1_t)2(1+i)(—1—z') dt:_%

Integating

and therefore,

1 1 20 i
d:_ .————:—.
/Cf(z) z 3+z 373 =3




4. Evaluate the following integrals

Z+1
— d
(&) /Cz3+2z2 =

where C'is the circle |z — 2i| = 1.

(b) /C T

where C'is |z| = 3,
62,2
(C) C? dZ,

where C'is the counterclockwise contour formed by the line # = 1 and the parabola y* = 2 + 1.

Solution:
/ BN T
o 234222

a)
1
5 is analytic inside and on C.

by the Cauchy-Goursat theorem, since ———
23 42z

b)
/e—zdz = / ,s .de
c (224 1) c(z+1)(z—1)

eiz

) /Cl (2 + Z';Z; —i)? et /c2 (z+ i>2 (z —i)? o

omi | L _¢” } —1—21[ c” }
= 2mi|— i | —
| dz (2 — i>2 2=—i dz (z+ i)Q 2=i
_ o (2 —i)%ie’™ — e%2 (2 — i)  omi (2 41)%ie”* — €2 (2 +1)
(z—1d)* - (z+4)* B
[ —4ie ™ 4 4ie7 ¥ [ —4ie” — 4ie”
= 27TZ - AV +27T’l — 4
(—i —1) (i +1)
_ T
e

c) There is only one singularity of the integrand that is z = 0 and it is inside C.

e%? omi [ d?
= d _ 0z 2z
/C z4 : 3! {dzi‘" (6 )L_O

— [@ 23€2z:|
6 z=0

1672

6
8mi

3




5. Show that

/ 32 ,dz<37r
o 2%+

=~ 1_3)
where C' is the circle |z| = 3 traversed once.
Solution:
As z traverses the circle

2] =3
once in the positive direction,
w= 2>
will traverse the circle
|lw| = 27
twice in the positive direction.
The point on this circle that is closest to
—1
is
w = 27,
and therefore
z 3 3
max S = T T = A
2[=3 |23 +i| min|z3+i| 26

It follows by the M L- inequality that (by knowing that L = 27 (3) = 6m)

dz 3 187 97
| < Zam(9) =
cz22+i| T 26

26 13




6. Represent the function
_7z—3
f (Z ) - > ( 5 — 1)
by its Laurent series in the domain 0 < |z — 1| < 1.
Solution:

f2) = 72 —3 _§+ 4 3 4
Coz(z-1) z z—1 14(z—1) =z-1
> 4
DI
Therefore
Tz —3
chz—l
z—l =
and so

c1=4,¢,=3(-1)",n=0,1,2,---.
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1. Classify all the singularities (removable, poles, isolated essential, branch points, non-isolated
essential) of the following functions.

©) F() = 5o
) 1) = #sin %)

(c) f(2)= 1 cos 2z

>3
Solution:
(a) We factor the denominator to see that there are simple poles at z = 1.
z z _1)2 n 1/2
241 (2—4)(z+i) z—i z+i
(b) We have

_ <2_1 (2)21 (2)"’_1 (2)+)
z 3l \z 5\ z "\ z
— 222_123+12_5_l2_7+...
3! blz2 724
Since the principal part has infinitely many nonzero terms, we have z5 = 0 is an isolated
essential singular point of the given function.

(c) Since
1
f(z) = ;cos?z
1 2 4 6
_ L <1_(2z) (22" (22)°, )
z 2! 4! 6!
12 2t 28,

we see that zg = 0 is a pole of order m = 3 of the given function.




2. Evaluate the integral

1
/23003 (—) dz
C z

where C'is the positively oriented circle |z + 1 +i| = 4.

Solution: We know that
w?  wr  wb

cosw=1——+———+---

1
Then from the substitution w = —, we get
z
23 cos } —z?’—lz—i-i—i—l—
z) 2! 41z 6123
1 1
3 o
I;{Zeosz cos (z) Tk

/ 23 cos } dz = 27i |Res 23 cos 1 = 27ril = W—Z.
c z z=0 V4 4! 12

Therefore

Hence




3. Short answer.

3 COS 2
(a) Find I;{Zeg =

(b) Give an example of a function f (z) which has an essential isolated singularity at z = 3.

iaz __ bz
(c) Find ];{:eos c " where a,b € R and a # .
Solution:
a) Since
cos z
o) =
1 ) 22 2 8
AR T
1 1 z 23

T T RN
we have f has a pole of order m = 3 at 2y = 0.

Therefore 1
COS 2
1}:608 IS
(b) Let
£(z) = e,
Then

f2) = et
1 n 1 1 n 1 1 n
z—3 2(z-3?% 3l(z-3)°
has an infinite number of nonzero terms in its principal part. We know that zy = 3 is the only
singular point of the given function.

(c)

= 1+

R , (iaz)*  (iaz)® , (ibz)*  (ibz)?
= = = <1+(Zaz)+ ST i +-o | = | 1+ (ib2) + ST i + -
) R G ) B A () it (a* — bh)
I T 7= A TR
Hence ‘ N S
elaz _ pibz a2 —
1jzeoS 23 DY




4. Evaluate the integral

T cosh
—— dh.
/0 5+ 3cosf

Solution:
;- / %(z+1/z)@_1/ 2241
S b+ 3 (e L) iz i ) n (10243224 3) 2
1 2 +1
= — 10 .2 dz
5 o G B2+ 1)
. .. 1
The singularities are at z =0,z = -3 and z = —3.
So 2,1
z°+
/(=)= (z+322+1) 2
and
9
I=% B/ )+ Res 7))
where
= =5
2243 2+1 2242241
R = 2 —3 =1
Ao @)= I
z=0 z=0
and 1 1/3 -3 10/3
Resf(z):{L/Z} __~i3-3 _ —10/3
=—1 224 10/3 S -2/34+10/3 8/3
Hence

2T 5
[=—|1—=)=—
T (1-3)

s
6

dz

)

=T




5. Use residues to evaluate the improper integral

/°° rsinz dr
o (@2+1)(22+4)

Solution:

We introduce .

&) =Ty
and observe that the product f (z)e”* is analytic everywhere on and above the real axis except
at the points z =7 and z = 2
Then

& rsinz 1 [ TsinT
I .= dr = — 1 zzd
/o @ e 2/m<x2+1><x2+4 m/ fle)e” dz

We integrate f (z) e once in the positive direction along the contour C,

%Im/cf (2)e* dz = % (27i) [ljglsf (2) e + B:%Sif (2) eiz]

je~ ! N 2ie2
=7
2i(—1+4) (—4+1)4i

(et — 672).

6
With the help of ML-inequality, we have
[ 1) ) < max| £ ()| 7 < gy R Das R o0

Therefore, we get

-1 _ -2 1 ) 1 .
—w(e ) = —Im/f e’ ——Im f(z)e* dz+=zIm [ f(z)e” dz
6 2 Cr 2 In
1 xe'*
—1 dz =1 R .
9 m/oo(:v2+1)(:v2+4) T W T
Hence

/°° rsinx (el —e?)
de = ———.
o (224+1)(22+4) 6




6. Determine the number of zeros, counting multiplicities of the polynomials

(a)

52t + 2+ 22 -T2+ 14=0
inside the circle |z| < 3.

(b)

4T 43242

inside the circle |z| < 1.
Solution:
The polynomial can be written as the sum of

f(z)=5z"and g(2) = 2* + 22 — 72 + 14.
Observe that when z is on the circle |z| = 3,
[F ()] =5]2l" = (5) (3') = 405
and
lg (2)] = |z3+z2—7z+l4| <P+ 2P +T)2| +14=334+32+7(3) +14 =T1.

Since
|f () > 1g(2)|
on the circle and since f (z) has four zeros, counting multiplicities, inside it, Rouche’s Theorem
tells us that the sum
f(2)+g(z)=5+22+22 -T2+ 14
also has four zeros, counting multiplicities, inside the circle.
b)
The polynomial
2P+ 722 +32+2

can be written as the sum of

f(2)=7224+2and g(2) = 2° + 32°

Observe that when z is on the circle |z| = 1,

f @2 7]l ~ (2| =7-2=5
and

g (2)] = |2° + 32| < [2]° +3]2| =1° + 3 (1) = 4.
Since
1f(2)] >5>4>]g(2)]

on the circle and since f (z) has two zeros, inside it, Rouche’s Theorem tells us that the sum

f(2)+g(z)=2"+T72>+32+2

also has two zeros, counting multiplicities, inside the circle.
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For what values of z € C do the following functions have derivatives?
1+
6
55
Yy +1x
xy (1+1)
2+ iy
T +ily|
e” 4 ie?
y—2:1:y+i(—x+a:2—y2)
(= 1) iyt + 2
. f(2) =cosz —isinhy

1
. f(z) == for |z| > 1
z

CHXISOA RN

-
=)

—
N

13. Find two functions of z neither of which has a derivative anywhere in the complex plane,
but whose nonconstant sum has a derivative everywhere.

14. Let f(2) = u(x,y) +iv (z,y). Assume that the second derivative f” (z) exists. Show that

" Pu 0% g Pu 0%
f(Z)—@—FZ@ and f (Z)——a—w—la—yZ

15.
1

(a) Find the derivative of f (z) = — 4 (z — 1)* +4zy at any points where the derivative exists.
2

(b) Where is this function analytic?

16.
(a) Where is the function f (z) = 2* + 2* + 1 is analytic?
(b) Find an expression for f’(z) and give the derivative at 1 + .

17.

(a) Where does the function f (z) = 22 4 (z — 1)* + i (y — 1)°

(b) Where is this function analytic? Expalin:

(c) Derive a formula that will yield the derivative of this expression at points where the de-
rivative exists, and use this formula to find the numerical value of the derivative at the point
z=1+1

18.
1

a) Show that f (2) = is an entire function.
(2) v 1) €2* cos 2y + 1e?* sin 2y

(b) Obtain an explicit expression for the derivative of this function and find f (1 + z%)




19.
(a) Show that z [cosx coshy — isinz sinh y| is an entire function.

(b) Find f' (i).

20. Find the derivative at z = 7 4 2i of f (z) = [cosx coshy — isinz sinhy]’.

21.(a) Where is the function f (z) = ;.4 analytic?
(1+1iz)
(b) Find f' (—1).

22.Find the following limits

(a) lim

=i 22 —3iz—2

(z—19)+ (2 +1) )
(b) IZIH% (224+1)z

23. If g (z) has a derivative at 2o and h (2) does not have a derivative at zy, explain g (z) +h (2)
cannot have a derivative at z.

24. Find two functions, each of which is nowhere analytic, but whose sum is an entire function.
Thus the sum of two nonanalytic functions can be analytic.

25.Suppose f (z) = u+iv is analytic. Under what circumstances will g (z) = u—1iv be analytic?

26.Show that the following functions are nowhere analytic:

(2)(z+1)",  (b) (2"

27. Where in the complex plane will the function

¢ (z,y) = sin (zy)

satisfy Laplace’s equation? Is this a harmonic function?

28. Consider the function
¢ (r,y) = " sin (ma).

Assuming this function is harmonic throughout the complex plane, what must be the relation-
ship between k € R and m € R? Assume m # 0.

29. Find the value of the integer n if 2" — y™ is harmonic.

1
30. Putting z = x+ 14y, show that Im (—) is harmonic throughout any domain not containing

z
z=0.

31. Putting z = x 4 1y, show that Re (z‘g) is harmonic in any domain.

32. Find two values of k£ such that cosz [ey + eky} is harmonic.

33. If g () is harmonic, g (0) = 0,¢' (0) =1 find g (z).

34.



a) Consider ¢ (z,y) = 2%y — vz + y* — 2> + . Show that this can be the real part or the
imaginary part of an analytic function.

b) Assuming the preceding is the real part of an analytic function, find the imaginary part.
c) Assuming that ¢ (z,y) is the imaginary part of an analytic function find the real part.
Compare your answer to that in part (b).

d) If ¢ (x,y) + v (z,y) is an analytic function and if u (z,y) + i¢ (x,y) is also analytic, where
¢ (z,y) is an arbitrary harmonic function, prove that, neglecting constants, u (x,y) and v (z, y)
must be negatives of each other. Is this confirmed by your answers to parts b) and ¢)?

35. Suppose that f(z) = u +iv is analytic and that g (2) = v + iu is also. Show that u and v
must be constants.

36. Find the harmonic conjugate of e cosy + €Y cos x + zy.

37. Find the harmonic conjugate of tan™ <£> where —7 < tan™! (%) <.
)

38. Show if u (z,y) and v (z,y) are harmonic, that u + v must be harmonic but that uv need
not be harmonic. Is e“e” harmonic?

If v (z,y) is the harmonic conjugate of u (z,y), show that the following are harmonic functions.
39. wv

40. e“ cosv

41. sinwucoshwv

Express each of the following in the form a + ib where a,b € R
42, et

43, 7%

44. ¢

45. ez t2ipz—2
46.

47. (e"')7
48. ¢+

49.

50. e

51. efﬂ

52. ¢ arctan 1
53. (2"
54. (e72)?

55. Find all solutions of e = e by equating corresponding parts (reals and imaginaries) on
both sides of the equation.

State the domain of analyticity of each of the following functions. Find the real and imaginary
parts. Find f’(2) in terms of z.

56. f(2) =e”

57. f(z) =el/?

Find the following limits:
58. lim ———

z—i e — et




i0
59. gl_r)rjr 120 where 6 is real.

For the following closed regions, R, where does the given |f (z)| achieve its maximum and
minimum values, and what are these values?

60. Ris|z—1—i/ <2and f(z) =

61. Ris|z| <land f(2) = e’

62. sin (2 + 3i)
63. cos (—2+ 3i)
64. tan (2 + 3i)
65. (sini)"/?

66. sin (21/2)

67. sin (e')

68. cos (2iarg (21))
69. sin (cos (1 +1))

70. tan (z arg (1 + \@z))

71. arg (tani)

79 ez' cost e—z’ cos i

73. tan <z arg (1 + \/§@>>

74. Prove the identity sin? z + cos? z = 1 by the following two methods:
(a) Use the definitions of sine and cosine.
(b) Use cos? z +sin? z = (cos z + isin z) (cos z — i sin 2).

Prove the following.

1 1
75. cos® z = — 4+ — cos 2z
2 2

76. sin(z+27) =sinz
T7. cos(z+2m) = cos z

78. Show that the equatlon sin z = 0 has solutions in the complex z-plane only where z = nr
and n =0,%£1,%+2,---. Thus cos z and sin z has zeros only on the real axis.

79. Let f (2) = sin

(a) Express this function in the form u (z,y) + iv (z,y). Where in the complex plane is this
function analytic?
(b) What is f'(2)? Where in the complex plane is f’(2) analytic?

80. Show that |cosz| = \/sinh2 y + cos? x.
Hint: Recall that cosh? § — sinh? 6 = 1.

81. Show that |sin z| = \/sinh2 y + sin® 2.

82. Show that |sin z|* + |cos z|* = sinh? i + cosh®y

83. Show that

sin (2z) + i sinh (2y)
cos (2x) + cosh (2y)

tanz =




Find all values of the logarithm of each of the following numbers and state in each case the
principal value. Put answers in the form a + b.

84. e

85.1—1

86. —ie’

87. —V3+i

88. ¢'

89, ltdi

90. (—\/3 +i>4
01, elos(isinh1)
92. ¢

93. Log (Log (7))

94. For what values of z is the equation Logz = Logz true?
Give solutions to the following equations in Cartesian form.
95. Logz=1+1

96. (Logz)’ + Logz = —1

Use logarithms to find all solutions of the following equations.

97. " =e¢

98. ¢ =¢~

99. ¢* = ¢

100. (e —1)° = %

101. (e* —1)° =¢*

102. (¢ —1)° =1

103. e +e* +1=0

104. ¢ =1

Is the set of values of logi® the same as the set of 2logi? Explain.
105. ¢ =1

Prove that if  is real, then

106. Re [log (1+¢”)] = Log if e 1.

0
2cosf <§>
107. Re [log (rew -1)] = %Log (1 —2rcosf+r?) if r > 0 and re? #£ 1.
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For what values of z € C do the following functions have derivatives?
1. If f (2) has a branch point at zg, does 1/f (z) necessarily have a branch point at z,? Expalin.

2. If two functions each have a branch point at zy, does their product necessarily have a branch
point at zy? Illustrate with with an example.

Suppose a branch of (22 — 1)1/ ° equals —1 when z = 0. There are branch cuts defined by
y =0, |z| > 1. What value does this branch assume at the following points?

7

—1

141

Al o

6. Consider the multi-valued function 2'/3 (z — 1)"/%.

a) Show, by encircling each of them, that this function has branch points at z = 0 and z = 1.
b) Show that the line segment y = 0,0 < z < 1, which connects the two branch points, cannot
serve as a branch cut for defining a branch of this function.

c) State suitable branch cuts for defining a branch.

7. A branch of (22 — 1)1/ ? is defined by means of a branch cut consisting of the line segment
—1<z<1,y=0.

a) Prove that this function has branch points at z = +1.
2

b) Show that if we encircle these branch points by moving once around the ellipse % +4? =1,

we do not pass to a new branch of the function.

A branch of (z — 1)*? is defined by means of the branch cut z = 1,y < 0. If this branch f (2)
equals 1 when z = 0, what is the value of f (2) and f’(z) at the following points.
8. 1+4+8&

9. -1
10. —i
11. 1/2—i/2

A certain branch of z'/2 is defined by means of the branch cut z = 0,y > 0. If this branch has
the value —3 when z = 9, what values does f (z) assume at the following points? Also, state
the value of f’(z) at each point.

12. 1
13. —9i

14. —1+i
15. —9 + 9iV/3

16. Let f(2) = 10("). This function is evaluated such that f"(2) is real when z = 1. Find
f"(1+14). Where in the complex plane is f (z) analytic?



17. Find f' (i) if f () = ") and principal values are used.

2cosh z

18. Find (d/dz) 2°°*"* using principal values. Where in the complex z-plane is analytic?

19. Let f () = 27, where the principal branch is used. Find f’ (7).

Let f (z) = z°, where the principal branch is used. Evaluate the following.
20. f'(2)
21. f(i).
Using the principal branch of the function, evaluate the following.
21. ' (3) if f(2) = 22"

22. f(128i) if f (2) = 28/7

23. f(=8i)if f (z) = 2'/3%,

24. What is the flaw in this argument?
o0 — (ez‘<9>27r/27T _ (ez‘27r>9/27r _ (1)9/27r 1

25.Show that

a) if n is an integer, then 2" has only one value;

b) if n and m are integers and n/m is an irreducible fraction, then 2™ has just m values
c) if ¢ is an irrational number, then z¢ has an infinity of different values;

d) if Im ¢ # 0, then z¢ has an infinity of different values.

26.Show that all possible values of 2" are real if |z| = €"", where n is any integer.

Find all values of the following in the form a + 07 and state the principal value.
27. 1%
28. 1~

1
1—21
29. (\/§+z>
30. (¢')'
31. (%)
32. (1.
33. 7'/?
34. (Logi)™?
35. (1 +itan1)"?

1+itanl
36. (\/5) .

37.
a) Show that Log (Log 2) is analytic in the domain consisting of the z-plane with a branch cut
along the line y = 0,z < 1.

d
b) Find 7 (Log (Log z)) within the domain of analyticity found in part a).
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1. Show that

/Olsz:yds—/1 (1—x)mdx—/y\/5/47dy

1

Hint: Recall that ds = +1/1 + (dy/dz)*dz = £1/1 + (dz/dy)*dy, and that ds > 0. Evaluate

the contour integral by integrating either on x or y. One is slightly easier.

Let C be that portion of the curve y = 2? lying between (0,0) and (1,1). Let F (z,7y) = v+y+1.
Evaluate these integrals along C'.

(1,1)
2. / F(z,y) dx
(

0,0)
(1Y)

3. / F(z,y) dy
(0,0)

Let C be that portion of the curve 2 + 3? = 1 lying in the first quadrant. Let F (z,y) = 2%y.
Evaluate these integrals along C'.

(1,0)
4. / F(z,y) dx
(

0,1)

(1,0)
5. / F(z,y) dy
(0,1)

(1,0)
6. / F(z,y) ds
(

0,1)
7. Show that

(0,1)
/ ydr =——=
(07_1)

The integration is along that portion of the circle 2% + y* = 1

(0771)
/ x dy
(3,0)

along the portion of the ellipse 2 4+ 9y* = 9 lying in the first, second, and third quadrants.

14i
/ (z+1) dz
0

+10

8. Evaluate

9. Find the value of

taken along the contour y = 22, y — 2zy + i (—sc + 2% — y2)




10. Find the value of

1426
/ z dz
0-+i0

performed along the contour y = 2x (2 — x).

11. Find the value of
142

dz
0+i0

performed along the contour y = 2x (2 — x).

1
/ Z dz

along the contour C, where C' is

12. the straight line segment lying along x + y = 1;

13. the parabola y = (1 — 93)2;

14. the portion of the circle 2% + y* = 1 in the first quadrant. Compare the answers Exercises

12,13, and 14.
/ez dz

(a) from z = 0 to z = 1 along the line y = 0;

(b) from z =1 to z = 1 + ¢ along the line x = 1;

(c) from z = 1+ to z = 0 along the line y = x. Verify that the sum of your three answers is
Zero.

Evaluate

15. Evaluate

Perform the following integrations

16. / — dz along |z| = 1, upper half plane.
1 2

17. / — dz along |z| = 1, lower half plane.
1.

18. / z* dz along |z| = 1, first quadrant.
1

19. Evaluate

/Edz
2
2

along the portion of the ellipse % +y? =1 in the first quadrant..

20. Evaluate

along the parabola y = 22,

21.
a) Parametrize the shorter of the two arcs lying along (z —1)> + (y — 1) = 1 that connects
z =1 with z = 1.



b) Evaluate

/Edz
1

along the arc of a) using the parametrization you have found.

24,
I = / e dz
0-+i0

taken along the line x = 2y. Without actually doing the integration, show that || < V5e?.

"1
I:/_—4d2
1 <

taken along the line = +y = 1. Without actually doing the integration, show that |I| < 4V/2.

1
I:/ ettoez
i

taken along the parabola y = 1 — 2. Without doing the integration, show that |I| < 1.479¢™/2.

22. Consider

23. Consider

24. Consider

25.
a) Let g (t) be a complex function of the real variable t. Show that for b > a we have

[ o i < [loto) ar

1
/ Vet dt‘ <
0

b) Prove that

Wil

26.
a) Let C' be an arbitrary simple closed contour. Use Green’s theorem to find a simple inter-
pretation of the integral

1
5/(—34 dx + x dy)
c
b) Consider

/(cosy dx +sinz dy)
C

performed around the square C' with corners at (0,0),(0,1),(1,0), (1,1). Evaluate this integral
by doing an equivalent integral over the area enclosed by the square.

c) Suppose you know the area enclosed by a simple closed contour C. Show with the aid of
Green’s theorem that you can easily evaluate

/Edz

C

To which of the following is the Cauchy-Goursat theorem directly applicable.



27.

sin 2z
z+ 2@
|z|=1
28.
/ sin z
z+ 2z
|z+3i|=
29.
e’ dz
|2—3i|=6
30.
Log z dz
|z+i|=1
31.
/ Log z dz
|z—1—i|=1
32.
1
/ 7 dz
(z—1)"+1
|2|=1/2
33.
dz
1 —e?
|z|=3
34.
dz
O0<b<1
+bz+1
|z|=b
35.

along y = x.

Prove the following results.
36.

2T
/ % [cos (sin 6 4 0)] df =0
0
37.
2
/ % [sin (sin 6 + 0)] df = 0
0

Prove that the following identities hold for any integer n > 0.
38.

2m
/ e cos () — cosnf) df =0
0



39. o
/ e sin (0 — cosnf) df =0
0

40. Show that for real a, where |a| > 1, we have

2w
1—acosf
df = 0.
/0 1 —2acosf + a?

Hint: Consider ]{ dz and represent the circle parametrically.

|z|=1
41. Let n be any integer, r a positive real number, and zy a complex constant. Show that for

r >0,
/ (z = =) dz_{m‘ n=1

|z—z0|=r

zZ—a

Hint: Consider the change of variable z = z, + re®.

Evaluate the following integrals. The contour C'is the square centered at the origin with corners
+ (2 £ 2i). The result contained in the previous problem as well as the principle of deformation
of contours will be useful.

42.
/ dz
z—1
c
43.
/ dz
N4
J =)
44.
z dz
zZ—1
c
45.
D™ d
/M, m > 0 an integer
zm
46.

2™ dz i

/ —, m > 0 an integer
(z—1)

c

47. Show that

/ Log z ds — / Log z &

(z+1)(z—=3) ~ 4(z—3)
Jo=3=2 |o=31=2

Hint: Write Cr1) (=3 as a sum of partial fractions.

48. Consider the n-tuply connected domain D whose nonoverlapping boundaries are the simple
closed contours Cy, C1, - - - C,_1. Let f (2) be a function that is analytic in D and its boundaries.

Show that
f(z)dze= [f(2) dze+ [ f(2) dz+---+ [ f(z) dz
Jroesfrasfraees )



Hint: Consider the derivation of the principle of deformation of contours. Make a set of cuts
in order to link up the boundaries.
49. Use the result derived in Exercise 48 to show

sin z sin z sin z
/22_1(12: / 22_1dz+ / 22_1(12.

|2|=2 l2—1|=1/2 l2+1]=1/2

Evaluate the following integrals along the curve y = /.

50.
4+2i
/ e dz
0
51.
4+42i
(1+2%) dz
0
52.
4+42i
(= + z_2) dz
1+i
53.
4+42i
/ e?sinh z dz
0
54.
4+42i
/ e?coshe® dz
0
55.

4421 >
5 dz
i 20— 1

56. a) What, if anything, is incorrect about the following two integrations? The integrals are

both along the line y = .
1+i 97 1+i N2
1
0+10 2 2

0+10

1+ —271+i 2
1 —
[Cra - 5] 45T
0-+i0 2 o410 2

b) What is the correct value of each of the above integrals?
57. Find the value of ,
/ Log z dz

taken along the line connecting z = e with z = 7. Why is it necessary to specify the contour?

—1—
L
/ og 2 iz
144 z

where the integral is along a contour not intersecting the branch cut for Log z.

59. Find .
/ 212 dz.
1

The principal branch is used. The contour does not pass through any point satisfying y = 0
and z < 0.

58. Find




60. Find

/ 212 dz.
1

The branch of 2'/? used equals —1 when z = 1. The branch cut lies along y = 0,2 < 0 and the
contour does not pass through the branch cut.

61. Find ‘
/ 7° dz.
1

Use principal values. Why is it not necessary to specify the contour?
62. Evaluate the integral

i
/ cos zcosh z dz
0

Evaluate the following integrals using the Cauchy integral formula, its extension or the Cauchy-
Goursat theorem where appropriate.

63. .
/sz dz around |z| =3
z—2
64. .
/sz dz around |z| =1
z—2
65. L
cosh z
d d |z| =2
/(2_3) G z around |z|
66.
1 cosh e* . .
— | ————= dz around the square with corners at z =2,z =4, and 3 £+
2ri ) 22 —4z2+3
67. |
/ A d o4t o =2
—_— roun = —2i| =
o, G around |z 4o -2
68. ) L
— %% J» around |z —4i| =3
2mi ) 22+ 9
69. |
1 (74
— e—'2 dz around |z —1| =2
211 (z —Z)
70. . B
— Lj dz around |z —1|=2
21 (z —Z)
71.
1 1
P — dz around |z — 1| =2
2mi ) (z+2) (2 —1)
72. .
— &?3 dz around |z —1| =2
21 (z —Z)
73. .
o 51:15z dz around |z| =2
74.

in 2
/_31n16z dz around |z| =2
z



75. a) Show that

e a2me
dz =
zn—f—l TL'

|z]=1
b) Use part a) to show, when 6 is real, that,

o acosf : 2ma” o acosf _: :
e cos (asinf —nf) df = — and e sin (asind —nf) df =0
0 - 0
76.a) Consider
/ dz
z—a’
|z|=1

where a is any nonconstant such that |a| # 1. Evaluate this integral for the cases |a| > 1 and
la| < 1.

b) Evaluate this integral for the two cases given above by noticing that on the unit circle we
have Z = 1/z.

77. If a is a real number and |a| < 1 show that

2
1 —acosf
df = 2m.
/0 1 —2acosf + a? i

dz

zZ—a

Hint: Consider /

|2|=1

Prove the following:

78.
1 2 0
— e df =1
2w Jo
79. _
/ % cos (sinf) df = 2w, (Do Exercise 78 first.)
80. . _ ;
2 2 (T w) _ 3
o _ﬂcos (6—|—ae db 1
81. i ; ,
/_ &z +a1++cgzzos 3 df = %, where a > 1, n an integer
1
Hint: =
(Hint: f (z) z”+a)
82.

2
/ Log [a® + 1 4 2acos (n#)] df = 47 Loga, where a > 1, n an integer
0

Hint: a® + 1+ 2acos (nb) = |a + emo}Q

For the following closed regions R and functions f (z), find the values z in R where |f (2)|
achieves its maximum and minimum values. Give the values of |f (z)| at its maximum and
minimum.

83. f(z)=2z Ris|z—1—-1i| <1

84. f(2)=2* Ris|z—1—1i] <2

85. f(z) =€, R same as in Exercise 83



86. f(z) =sinz and R is the rectangle 1 <y < 2,0 <z <.

87. Let u (z,y) be real, nonconstant, and continuous in a closed bounded region R. Let u (z,y)
be harmonic in the interior of R. Prove that the maximum of u (z,y) in this region occurs on
the boundary. This is known as the maximum principle.

Hint: Consider F (2) = u(x,y) + iv(z,y), where v is the harmonic conjugate of u. Let
f (2) = e®). Explain why |f (z)| has its maximum value on the boundary. How does it follow
that u (x,y) has its maximum value on the boundary?

88. For u (z,y) described in Exercise 87 show that the minimum value of this function occurs
on the boundary. This is known as the minimum principle.

Hint: Follow the suggestions given in Exercise 87 but show that |f (z)| has its minimum value
on the boundary.

89. Consider the closed region R given by 0 < x < 1,0 < y < 1. Now u = (932 —y2) is
harmonic in R. Find the maximum and minimum values of v in R.
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Use the nth term test to prove that the following series are divergent in the indicated regions.

- 1
1. 2iz)" f > =
Z(zz) or\z\_2

n=1

= 1
2. (n+1)(i+1)" (z+1)" for [z +1] > —

n=1 \/§

() (i - 1)" :
3.y ~———— for |z —2i| < V2

; —2) or |z — 2| < V2

= 2n+2\" 1
4;(71; ) for|z—|—1+z'|2§

Use the ratio test to prove the absolute convergence, in the indicated domains, of the following
series. Where does the ratio test assert that each series diverges?

o0 1 n
5. 2 —) f 1/2| < 1
;n <z+2) or |z 4 1/2|
6. Zn!e”zz for Re(2) <0

n=0

24 i)
7.} CH) o leti) > V5

(z+1)" (n+1)

oo
oo

n=1
oo

1 /n\»
8. Zﬁ(;) for |z] > e

n=1

In Exercises 9 and 10, find the sum of the seres. In each case, state where in the complex plane
the series converges to the sum.

9. 1+(:z-1+CE-D"+(z-1°+--

10. 1+ 1/24+1/22+1/2° +--.

11.
a) Prove that
- 1
an”’l = 5 for [z <1
n=1 (1 - Z)
by using series multiplication.
b) Using part a), show that
S 1 1
Z—n(n+ )z"’1: 5 for [z <1
n=1 2 (]' - Z)

The identity Z j =n(n+1)/2 can be helpful here.

J=1



State the first three nonzero terms in the following Taylor series expansions. Give also the nth
(general term) in the series and state the circle within which the series representation is valid.
Use the principal branch of any multivalued functions.

12. —, z =1
z
13. ¢, 2 =2+
14. Logz, z =€
1
15. —, z2=1+1

22’
16. coshz —cosz, 2 =0
17. 24, 2 =1
18. *, 2 = 0.

19. a) Find all the coefficients in the expansion of z° about 2, (a constant) and write out the
entire series in terms of z and z.

b) For what values of z is the preceding series a valid expansion of the function?

c) Explain how you could obtained the result in a) by using the binomial theorem.

Note that z = (z — 20) + 2o

20.a) Explain why 212 (principal branch) cannot be expanded in a Maclaurin series.
b) Explain whether this same branch of 2'/2 can be expanded in a Taylor series about 1. If so,
find the first three terms and state the circle within which the series is valid..

21. Consider the two infinite series
l+z+22+2°+--

and

2z 22 23

+ In2 + In3 + In4 *
Both of these series will converge to

1
1—2z

Yet the second series is not the Taylor expansion of T . Does this not contradict the Theorem

—z
which asserts that the Taylor series expansion of a function is the power series of the function?
Explain.

Without actually obtaining the coefficients in the following Taylor series, determine the center
and radius of the circle within which each converges to the function on the left. Use the principal
branch of any multi-valued functions.

21.
1 o0
— . 1)"™
o nz:;c (z+1)
22.
1 d .
23.




24.

25.

Without obtaining the series, setermine the interval along the x-axis for which the indicated
Taylor series converges to the given real function. Convergence at the endpoints of the interval
need not be considered.

26.
expanded about z = —1
1—2
27.
P expanded about x = 2
28.
— about z =1/4
sin x
29.
- about r = 2
sin x
30.
tan z expanded about x = 2
31.
V/x expanded about z = ¢
32.

1 expanded about x =1
x

33. Prove that in the disk |z| < 1, we have
e =1 < (e—1)|z|.

N
34.a) Let 2V — 2 = Z cn (2 — 29)" valid for all z. N is a positive integer. show that
n=1
Nz
Cn = /.
n! (N —n)!
b) Replace z in the above with z 4+ 2z and show that
N N—n
n Nz, "
(24 20)" = ;n! (N—n)!z

This is the familiar binomial expansion.

The following exercises involve our generating a new Taylor series through a change of variables
in the geometric series or some other familiar expansion. Here a is any constant. Explain how
the following are derived.
35.

1

14+ az

2_aP e 2] <

=1—az+a’z

|



36.
1

_ 2, .4
1—1—22_1_2 +25 = |2l <1

37. .

S — 2. <1

el I C O P GRS R
38.a)

4 6
6_22:1—22+%—%+--- for all z

b) Use the preceding result to find the 10th derivative of e at z =0.

39. By a suitable differentiation, show that

1 3-2 4-3 2
—=1- -+ —(z-1)%—

5-4

40. By a suitable differentiation, find ¢,, in the expansion

1 o0
1= chz”, 2| <1
(]' - Z) n=0

41. Show that, for N > 0,

> — !
ﬁ = nz:;cnz”, Cp = H, |z| < 1.
42. Show that . -
tanlz:§(— )" 2'2:_1, |z| <1
43.a) Show that
in?z" = (i—i_ 5 for 2] <1

b) Use your result to evaluate

Use the series multiplication to find a formula for ¢, in these Maclaurin expansions. In what
circle is each series valid?
44.

45.

Log (1 — z) > "
EE T ILY

Obtain the following Taylor expansions. Give a general formula for the nth coefficient, and

state the circle within your expression is valid

46.
z

(z—1)(z+2)

expanded about z = 0



47.
z

(z+1)(2+2)

expanded about z =1

48. 1
— expanded about z =1+
z
49. ]
( 1)2 ( 1>2 expanded about z = 2
z — z+
50. B
( SICES) expanded about z = 0
z— z
51. Use the answer to Exercise 49 to find the value of the 10th derivative of
1
at z = 2.
(z—1)°(z+1)
52.

2 4+22242-1
22— 4

expanded about z =1

Hint: First use long division.

53. Let

where

:ian(z—zo)" and g (z Zb z—z)"
n=0

and g (z9) = by # 0. We seek a Taylor expansion of h (z) of the form

o0
= Z cn (2 — 20)"
n=0

Find c¢q, ¢1, c2 by long division of the series for f (z) by the series for g (z).

54. Find the coefficients cg, c1, ¢2, c3 in the Maclaurin expansion

Log (1+ 2)
n? <1
COS 2 ZC 12

55. Obtain all the coefficients in the followmg Maclaurin expansion by doing a long division:

1
2 —ch |z| < 1.

1+ 24224234

Explain why there are only two nonzero Coefﬁ(nents in your result.

Obtain the following Laurent expansions. State the first four nonzero terms. State explicitly
the nth term in the series, and state the largest possible annular domain in which your series
is a valid representation of the function.

56.

sinh 2

;— expanded in powers of z
z
57.

1
sin <1 + —1) expanded in powers of z — 1
Z J—



58.

1
M expanded in powers of z
z
59. .
Log [1 + —1] expanded in powers of z — 1
Z R—
60.

1\7
(z + —) expanded in powers of z (Give all the terms.)
z

Obtain the indicated Laurent expansions of
1

241

State the nth term of the series.
61. An expansion valid for |z| > 1
62. An expansion valid for |z —i| > 2.

63.
expanded in powers of z + 3

64.

5 expanded in powers of z — ¢
65.

- expanded in powers of z — 1

z—1
66.a) Consider
1
f(z) =

2(z—1)(z2+3)

This function is expanded in three different Laurent series involving powers of z. State the
three domains in which Laurent series are available.

b) Find each series and give an explicit formula for the nth term.

For the following functions, find the Laurent series valid in an annular domain that contains
the point z = 2 + 2¢. The center of the annulus is at z = 1. State the domain in which series
is valid, and give an explicit formula for the nth term of your series

67. 1
68. 1
f(z)_z(z—él)
69. 1
(A F Py
70. v
fl2) ==
71. 1 1
f(z):(z_l)g_'_;
72.
F&) = gt
(z—1)°




73.
74.
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Using the method of residues, evaluate the integral

/((2—11)2+211+2(2_1)+234)dz

C

where the contour C' is given below.

1. |z—1|=2

2. [z—5|=2

3. The rectangle with corners at + (5 4 )

Evaluate the following integrals by using the method of residues. In problems 6-8 use Laurent

expansions valid in deleted neighborhoods of the singular points to get the residue.

4. Z e (n—1)(z—1)" dz around |z| = 2

o

25 CETICE] dz around |z —i| =3

1
zsin <—) dz around |z| = 2
z—1

dz around |z| = 2

Sz

C/
C/
6. /cosh (1/z) dz around the square with at + (1 £ 1)
o
C/
C/

9. Show that if n > 1 is an integer, then

2min!
n TNt TnEIN n Odd
/(z+l) 2= ) ()
z
¢ 0 n even

where C' is any simple closed contour encircling the origin.
Hint: Use the binomial theorem.

10. We wish to evaluate

/ (> —1)"? dz

|z|=R
R>1



where we employ a branch of the integrand defined by a straight branch cut connecting z = 1

and z = —1, and (22 — 1)1/2 > 0 on the line y = 0,z > 1. Note that the singularities enclosed
by the path of integration are not isolated.

Show by means of a Laurent series expansion

Z Cn (2 — 29)"

n=—oo

that the following functions have essential singularities at the points stated. State the residue
and give c_o,c_1, o, C1.

11. sinh at z =20

z

12. (z — 1)’ cosh ] at z =1

1
13. e/#sin= at 2 =0

. 2
14. 2% (princ. value) at z = 0
15. /G027t at 2 = .

16. Does the function
(Log(1/2)

have an essential singularity at z = 07 What is the nature of the singularity and what is the
residue?.

Use series expansions or L’Hopital’s Rule to show that the following functions possess removable
singularities at the indicated singular points. You must show that

lim f(z)

zZ—20

exists and is finite at the singular point. Also, state how f (29) should be defined at each point
in order to rempve the singularity. Use principal branches where there is any ambiguity.

17.

18.
19. P at the two singular points
200 ———at 2z =1

21.

22. — Log

23. — —

24. Let
f(z)=g(z)+h(z).

Prove that the residue of f (z) is the sum of the residues of ¢ (z) and h (2) at zg. Assume that
2p is an isolated singular point of both ¢ (z) and h(z).




25. Can a function have a residue of zero at a simple pole? Can a function have a residue of
zero at a higher order pole? Can a function have a residue of zero at an essential singularity?
Explain.

For each of the following functions state the location and the order of each pole and find the

corresponding residue. Use the principal branch of any multi-valued function given below.
COS 2
26.

22+2+1
1 e
27. — — +
z  z(z+1)
1
Z1/2 (22 — 9)?
cos (gz)

22 (2 —1)°

1
(= 1)

28.

29.

30.

(Log z) (22 + 1)2
sinz — z
31, —
zsinh z

A+1

32. —

1

33. .
(Lfg(z/e)—-1>

34.

sin 22

1

107 — e*
cos (1/2)

sin z
1

35.

36.

37, ——— ..
e +e*+1

38. Consider the analytic function

having a pole at 2. Let g (20) # 0, h(20) = I’ (20) = 0, h”" (20) # 0. Thus f (z) has a pole of
second order at z = zy. Show that

Res,—., f () =

Find the residue of the following functions at the indicated point.

39.
1 1
° sin (—) at 0
z A
40.
1
] (principal branch) at 1
41.
— at —1
(z41)
42.
sin z
at —1




43.

12
(z—1)
44.
1 ¢
———— at i
sinh (2 Log 2)
45.
1
- at 0
cos (%ez + sin z)
46.
L t 0
— = a
sin [z (e# — 1)]
47. ( )
cos(z—1 2
10 + P at 2z =1
48. ( )
cos(z—1 2
10 + 1 at 2 =0
49.a) Let n > 1 be an integer. Show that the poles of
1
A A e Rl
are at

2k
: k=12, n.
eXpZ(n—l—l)’ ,2,--0m

b) Show that the poles are simple.

2k
c) Show that the residue at expi ( I ) is
n+1

exp i (%) -1

(n+1)expi (%’;) .

Use residues to evaluate the following integrals. Use the principal branch of the multi-valued
functions.

50. J
/ % around |z — 6| =4
sin 2
51.
inh (1
/sm—(/z) dz around |z| = 2
z —
52. .
/ ?1n2z dz around |z| =3
sinh” z
53. y
z
d |z—16| =5
/ Log(Logz) —1] 210
54.
e1/z
/z2 — dz around |z — 1| =3/2
55.

d
/—Z around |z 41| =2
sin z — 2e?



56.

dz
/W around |z —9| =5

/ dz
7 —
Note that the integrand is not analytic. Consider a > |b| and a < |b|.

Hint: Multiply both numerator and denominator by z.
Using residue calculus, establish the following identities.

57.

around |z| =a >0

58. )
T df 2m
= for k > 1
/0 k —sin@ K2 —1 or
Does your result hold for £ < —17 Explain.
59. _ " )
T
= fi b>
/;WCL—FbCOSH Va2 — b2 ora>b20
60. ,
3r/2 2
[ [1_L} fora>b>0
—x/2 a+bcost b a2 — b2
61. )
/ sin* 0 df = 3m
0 4
62.
2m 2t m!
/ cos™ 0 df = o Trm 2 for m > 0 even.
0 ()]

Show that the preceding integral is zero when m is odd.

63. 2
" do 2
/ s
o (a+bsind) (m)
64.
/27r d¢9 o f »
- or a
0 a+Sin29 a(a+1)
65. ) 9 2
cos -
40 = f 1 > 1
/—w1—2aCOS(9—|—a2 a(a2_1) or a real, ‘a|
66. i
" cos 2ra
df =T f 1, |a| <1
/0 1—2acosf + a? 1 — a2 or a real, |a|
67. ) 0
s cosnb A (_1)n e . .
cohftoosf = smha "0 ¢ >0
/0 cosh 6 + cos sinha , =~ U 1s an mteger, a
68. 2
" do o
= —, for a,b real,ab > 0
/0 asin®f + b2cos2f  ab’ or a,b real,a

For which of the following integrals does the Cauchy principal value exist?

69. .
/ e " dr



70.

/ e 1l dg
* r—1

d
/_ool—l—x? v

73. The standard ordinary definition of / f () dz is given by

71. )
>4+

——d
1+ 22 v

72.

0 b 0
/ f(z) doe = blim / f(z) dxr+ lim f(z) dx
—00 — 00 0 a—0o0 —a
where the two limits must exist independently of one another. Work the following without
using complex variables.
/ sinx dz

a) Show that
fails to exist according to the standard definition.
b) Show that the Cauchy principal value of the integral in part a) does exist and is zero.

c) Show that
/°° dz .
Coo 1422

for both the standard definition and the Cauchy principal value.
d) Show that if the ordinary value of
IREE:

exists, then the Cauchy principal value must also exist and that the two results agree.

Using the symmetry properties of the integrand, but without evaluating the integrals, state
which of the following must be true, based entirely on symmetry arguments.

74.
/°° dzx _1/00 dx
o 2241 2 )  a2+1
75.
[ wima) e
0 :c2—|—x—|—1 2 x2+:c+1
76.
/ cos:vdx_l/oo cos T dx
o r2+1 2 ) x?2+1
7T
/ tanh:ﬁdx_l/oo tanh z dz
o 22+1 2 22+ 1
78. q
z dz
0
/00934+1
79.

© r+1
dx =0
/ rt+1 v

o0



80. . s
SN xr
Bl e W
/_OO:U4+932—|—1 *

0 : 2
Tsinx
———dzx =0
/oo i N |

o0 xre'® P ©  rsinz P
—  _dx = —— " _dx
o Tr 2241 o T+ 2241

Evaluate the following integrals by means of the residue calculus. Use the Cauchy principal

81.

82.

value.
83.
/°° dx
o P2+ +1
84.
/°° dx
@A) (@)
85.
/°° x* dx
o x5+1
86.
/°° P4 r+1
dx
oo zt+1
87. - p
/ B s
o (224 a?)
88. .y
/ —332, a,breal, b >0
o (T +a)" + 12

Evaluate the following integrals by residue calculus. Use Cauchy principal values and take
advantage of even and odd symmetries where appropriate.

89. . s
cos 2z
d
/oo:c2—|—9 *
90.
/ooxcos2x i
oo X243
91. N |
/ L
92.
/°°:L°3sin2xd
—— dx
0 l'4+16
93. ,
/°° 2 sin 2z Jr
o T2+ +1
94. - ) 5
/ (1‘2— ) cos T
oo Tt T+
95.

dx

/°° (23 + 2?) cos (V22)

oo zt+1



96.

00 xeix/i’)
— ——dx
/oo (x—i)?+4

97. A
& zet®
_—d
/_Oo a2l
98.
/°° Tsinx dr
o (22+41) (22 + 16)
99.
/°° x?cosx
dx
o (2241) (22 + 16)
100.
/°° (23 + 2% + z) sin (z/2) p
T
oo (@2 +1) (22 +4)
101. -
/ Ccos T i Jx
0 (x2 —+ 4)
102.

o )
sin ma sin nx T
— 5 dr = —e ™ sinh na for m > n > 0.
0 a*+x 2a

Assume a is positive.
Hint: Express sinma sinnz as a sum involving cos (m + n) x and cos (m — n) x.

Find the Cauchy principal value of the following integrals:

103. o o (9
/ sin (2z) s
oo T4
104. (20)
* cos (2z
/ T
105.
/°° sin x J
x
oo (&= 7/2) (x — )
106.
/°° Cos T s
coo (T —=7) (224 1)
107.
* cos (Zx
/ 7(2 2 dx
—oo (. —1)
00 eiﬂ'x/Q
Hint: Evaluate / —— dw
oo (. —1)
Prove the following, where the Cauchy principal value is used:
108.
00 -9 mb i, myvb2—4ac
/ M dr = T , where m > 0, a, b, ¢ are real, b*> > 4ac, and a # 0
oo @2+ br +c V0% — dac
109.

dr = — sinmb — , where m > 0,b >0

xt — b 263 263

/°° cos (mx) - e mb

—00



110.

o0 : b b
/ Mdmzztanhﬂ—,wherea>0
~ Sinh ax a 2a

Prove the following for a > 0

111. © g
0
/0 o dx:%hla
112.
[ e T ()
o (224 a?)? 4a®  \e
113.

114. Derive the two results

o Inz —r? o 1
———  dr=—and — dr =
/0 P21l T 12 M /0 a2+l 6




