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Question 1.

1 V3\’
(a) Find all the values of (—5 - £z) .

10 points
5 (10 1 )

(b) Sketch the set of points satisfying
(i) 1<|22—-6|<2,

(5 points)
(i) Re(iz +2) > 0.

(5 points)
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Question 2. Simplify

o\ 16 N
(a) (itz) + (1+j) ; (5 points)
_ 10 5
(b) (1 = y%(V3 +i) ; (5 points)
(=1 —14V3)10
2 .
5 points
© T —oar2 (5 points)
N 2
(d) (32—+211> . (5 points)
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Question 3. Find the image of the set 2 = {z € C : |z — 3| = 1} under the mapping

(a) f(z) = 4iz + 24, (10 points)

(b) f(z):%. (10 points)
Answer 3.
(a) we ) & (UWED , amd  wsliz4li =
-2 = - _ -
wu'. - 32 N £ (w) = UUL*? SO/ we SO ) =
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Question 4.

(a) Let
2
flz) =
1 if 2=0
Deccide whether f is continuous at z = 0. (10 points)
2 ; 2
(b) Evaluate lim E——-’—_——Z—Z——-’_— if it exits. (10 points)
iz — 1
Answer 4.
a)  Let Y= f2=iy : o¢y<r  for some ayo]
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. 2
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A 42
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Question 5. Let f(z) = 2.
(a) Show that f is differentiable everywhere and find f'(z). (5 points)
(b) Write f(z) in the form u(z,y) + iv(z,y). (5 points)
(¢c) Show that u,(z,y) = v,(z,y) and u,(z,y) = —v.(z,y). (

(d) Show that f'(2) = uz(z,y) + 1v:(z,y) = vy(z,y) — iuy(z, ). (

5 points)
5 points)

Answer 5.
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e Calculators are not allowed.
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Question 1.
(a) Find the most general harmonic function u of the form
u(z,y) = az® + bzly + cxy® + dy®,
where a, b, ¢, d are real coefficients.

(9 points)
(b) What is the harmonic conjugate v of u?

(9 points)
(c) Express f = u + tv as a function of z. (2 points)
Answer 1.
(a) uy= daxt+ %x«jmg* Uy = bxt+ 2cxy ¢ 3d y?
U.Ix-:. 6&I+Qb3 uvv_—_ QC1+6d3
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\/z__.u3 > Cazy ~ 3d31+¢‘(x): 3Axl+éa13 ~3d91
and  so, ¢’z 2dxr amd  henw ¢Lx) = d13+0< , A €ER

Putt\‘ng ol Jcngs {ow\/\w

v(’x,g)—_ '%Q’Lz‘lé_ 3d191~a33+ dx3y %, x €K

(c) C2) = wlxiy) +vixy)

ax3. ’34%’-\3 - 3&1\32 +433 + i %a :t”ﬂé, 3id fxgl -\"a\é?’hdxgﬂu{«

t

a(x?3_ 313% 3 Xy _ry) +id ( 13+3f123 - 3x32_;33) 41 d

h

q(x)f:g)%;umab)zm = (a+id) 234 ix el
I ve denote a+id \;2 A and i bé B, owe ort
fzy= Az%4 B, AEC, pE R



Question 2. In cach part, determine all possible values and give the principle value of the

following numbers (put in the form x 4 iy).
1

(a) i° (5 points)
1
(b) (1+.)% (5 points)
i
(c) logi® (5 points)
(d) i3 (5 points)
Answer 2.
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Question 3.

(a) Find all roots of the equation log z = zg (10 points)
(b) Show that cosz = 0 if and only if 2z = (n + %) 7 for some n € Z. (10 points)
Answer 3.
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Question 4.

(a) Find lim S+
+ 2ni

n—oo N

(b) Determine whether the series Z

if it exits.

(10 points)

o0 -k

1 . . .
(1—+—.)m is convergent or divergent. If convergent, find
Ry

k=2
its sum. (10 points)
Answer 4.
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Question 5.
(a) Determine where f is
(i) differentiable (7 points)
(i) analytic (3 points)
when f(z) = (z + ay)? + 2i(z — ay) for a real and constant.
(b) Let f(z,y) = v® — 322y + i(2® — 3zy® + 2).

(1) Find the region D where f is analytic. (5 points)
(i1) Find the derivative of f and cxpress it as a function of z in D. (5 points)
Answer 5.
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by () Let uﬁx\&j)‘: ng’, %11% ) v(x,:j) - 13‘31\31+ 2,
2,
Sing Ay = _6x§: V'é and ug: 332_ 311: —\/x §or all (%lj)éfﬁ
and @,V eEC! (\Rl) / £ Q%rgwhe(‘e d\‘§§eremt'\'a\o\e and S0
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Question 1. Evaluate

/(z2 +3z2)dz
c
along
(n) the circle |2] = 2 from 2 to 27 in a counterclockwise dircction, (6 points)
(b) the straight line from 2 to 24, (7 points)
(¢) the straight lines from 2 to 2 4+ 27 and then from 2 4 24 to 2i. (7 points)
Answer 1.
) 14
(a) % W)= Q¢ , 0%t R
\\ )
0 2 A . . .
2t 'k b
S (12’+ 32)dz = S {Le +be )Qie dt
C 0 -
12 %t S Aot
= & e dt + 12 S e dt
0 0
. Lo
%t Y Bt
=%ie |t e ' 2
B o 21 0
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3 3 3
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6 2 1 2 .
S Ghsndre G2 -0 %) s 3208 42i8) (- 242)dk
C

0

\ \

A , \
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0 2 'p 2 o 2 °

= o) (-8 3 g2ia0) 2 -k 8
3 3 3
Ce) C=CusC, where C; @)= 2(-th £ (24200 ol
= 2+ 0t oeté
and Cpt 2z (242)01-%) 2t = 2-2¢+20 , o S b &l
T ECLER e 2, $ 2%32)diz SGadr)dy + SGula)dr
¢ T, C c, Cy




|
O R33)da= G ((2r204302 +2i4)) (21)dt
1 0

| \
= 2§ (- bht® ¢ A4k 410 ) ok :2;(-h£‘ +\u1’i\\+|o{l‘)
0 3 ° 2. [ 0

-y (—%+4\+\0)= E3£‘:~w.

SGuda)des ¢ ((Q-QHQ;)LJrg(Lsz;)) C2)dk
2 0

1"

| |
-5 (W e Bt 4 6 )
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3 o ° LN T o °
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[ 3 3 3 3



Question 2. Let Cg denote the upper half of the circle |2| = R, R > 2, taken in the counter-

clockwisce direction. Show that

/ 222 —1 < mR(2R*+1)
Ar52+4 7| S (R-D(RE-4)

Cr
Then, show that the valuc of the integral

/ 222 -1
— dz
22 +522 44

Cr
tends to zero as R tends to infinity. (20 points)
Answer 2.
R )
/(/\X a? ,ll dr | ¢ ML
-R 1 R Co 2O Y
where Moo & nuw ben saﬁn{}wma
(212_\ ¢ M for au 2€ Cpy
24522 4
and Lo twe w?th of; Cp .
- 2 Syl = 2R%
(}(zan(\a’ L= xR If lzl=R , 122%1< 22 1%+1=2R% 1
24 522 L= (2%4) (32 4], L2200, =11 =Ry
[2%4) 110y = ROy amck hem
24 522 1] = |22+ 1224 4] > (RZ)(RE-Y) .
(2%, 52%y| (RZ_\)(Rl_q)
/ & < 2R% | . That /(;J’ v com choose
2445324 (R2-1) (R: §)
Mo 2R L Thoefoue } Q2L oy ¢ ZRCARMY
CR2~\>(QZ-L}) c .211+c542+l1 CRZ-Q(QI—L})
R
Siaw 0 ¢ =0 o 2——)DO

/

S ,lzif_ifds,‘ ¢ xRl2R )

Co 24453244

(L) (RE-Y)

S 2%V di5 0 os Bowx a}twmmck theoremn .

Ca 2 q+521+l1




Question 3. Find all solutions of the equation sin z = 2 by using

(a) the expression sin z = sin z coshy + 7 cos z sinh y.

(10 points)
1
(1) the inverse function arcsin 2z = —ilog (iz +(1 - z2)’). (10 points)
Answer 3.
(a) sint = sin'xcosthr (cosxsin\qg:l =5
sinxcoshj =1 ond CosT 5?0\»;: o Since coszsmk&:o Py
w = L = .- S
hare x (rwi)v& o y=o fon  né€L
wWhin 4=o ko fotows  from Shax coswazz that
SNX=2  , which 4 tmpossible  becane “TCsmx <l for ak x€R
So x= (n+ .‘_) T . T hen
2

Sinxcosl/\.}: (-0 coshy =2 - Samr oosb\?;o for all yeR

n shout d be  am Casean 4;%’0;(3@1) am ok aomg:l
S coshy = 49%:3 =2, we  hawe ebie %z b omd

23 - 9) 2 - -
c st = ked el 6<T<,uvvaumku} (c)—463+l:o 59(um3 t by
quadha/t@ equaﬂw o1 ev, we. 6btanm ed= 223 amd
hemee «9: M(Qi\rﬁ’;) - So 2:(2n+‘5)7z +ila (z_«-_ﬁ)’ nE 2.
(b) <03 = 2 = I - ArCsa - =

2 = — loé( W ox (L= q)%)
= —ileg (2 ERD

= o (1120503 giorg (20293 ]

 n€ T

= (znuﬂn,;\q(zt@) , ne 2

=~ g‘r\ H(Q.iﬁ) 4+ 0 ( % +Qt\ﬂ))

- (Q(\-\» ‘?/)}( 4+ \ﬂ(ltﬁ) J ﬂéZ



Question 4. Find the domain of convergence of

(a) Z n?(2z — 1)". (10 points)
n=0 )
(b) Z (—l)n(z +1)™ (10 points)
n=0 Tl' .
Answer 4.

00 0
(a) r n‘(lz-\y‘: Joa? 2“(1‘ ,‘_y\
n= 2

fizo °
COPOWEN S euRn
2.0

Let ay= N2 , Tham 9= v = ———/L*"l‘ 041 +
b 12an) b (nx0)2 s
ny ko\'\\ n- w0 nt l“

1 oL o ! Luke

§ 2~ - < T U conv gy abse D-OL .

i lao L2 L Y% (- 2\ = ntAh o 3 =

[ L= L l 2% (2 L) A0 an nIwo 5

SOuL) ok VLot 5\3 W tm Agst So, +he domam

(b) et a, = G4 Tham,
n
?: ‘*’ - = —_ —\ —_
'{A;V\r\, Iaru»/ut 'IA/VV\, n'!
RAIN Lanl Ny Can)!
Thas,  the sous M,% &U(N}WMJLQ, That @( t e

domam of  comwngemue i, C



Question 5.
(a) Usc any method to show that the function f(z) = z + Z is nowhere differentiable.
(10 points)
(b) Determine whether u(z,y) = e *(zsiny — y cosy) is harmonic in C, and find its harmonic

conjugate if it is harmonic. (10 points)
Answer 5.
(a) %(1): 243 = ’I+it3+'r—|\} =2% | So u.(ntua):lx tondl v(x,g):o )
T\/\Q/vx/ Wpz2 L{?___ 0, Vxz°, Vg=z0 | e LL,Z,’:\Aé & v
satofied ,  f w0 now hore oua{a@mma ble .
- - I -7
(b) Uy = —-CxxSAMnj«—QIS,(M\é'\'C ?COSJ

~X \ ~C - P &
Ugr = e ’ZS/(M/\? - 2e SXM\} - e '-JCOS‘Q

u?’: 51160“} — e’xcoSy + &Altysw?
- X - ~X _ - -
“‘j‘}: - € ’Is,um?‘ + 1 € Sbvwg + e ?COS\} .
S,V.\f\(i.l Uyx+ U-U?__:o f@)\ ol (11(9) ) “ A:) harmonce JAA @ .

Let v be a hanmonie confugale o;)( W 50 Wy =V impdles
_ -~ - —”KS - -
V= -~ e ’ZSS»(M(édk}-t—?, SMM&O’/}.(_ e S;co%;d/.}
= e—xz OOS'} - e—XCOS?_ + e’x\g M(} ¥ e,":(cos(a ‘t“¢(x)

c'xxcoy} € 67“!3 Si;vxé 4+ @ (x)

i1

= - ef(zcosz}‘e e:tcos?f- [ISW‘A? + 8'x)
= »Qt(lCOSi}f e"(cov}—— €:K9%u7u9_ - ple)=0 = dlx)=C,

fo gsome  ceR
.—xl ’K _ C
TW’J\J&/&W,/ ve e xcosy + e yuwmy+C




MATH 351 Complex Analysis I

Make-up for the first midterm
January 24, 2008
13:00-15:00

QUESTIONS

(1) (a) Find all the values of (—16)% in rectangular coordinates and locate them in the complex plane. (10 points)

(b) Sketch the set of points satisfying

(i) |z =2 >z -3, (5 points)
(ii) Re(z —1i) = 2. (5 points)
(2) (a) Compute and express in Cartesian form
(1) i20715, (5 pOthS)
(ii) (V3 +1)S, (5 points)
(b) Represent the following complex numbers in polar form.
6
i ; 5 points
0 — 7 (5 points)
(ii) (5 + 5i)>. (5 points)
(3) (a) Find the image of the set 2 = {re’® | r >3, 2& <6 < 37} the mapping w = 2°. (10 points)
1
(b) Find the image of the set ¥ = {z =x+1y ’ x>1,y> 1} under the mapping —. (10 points)
z
(4) (a) Let
2
Re)” 4, 4
fe=4 P
0 if z2=0
Decide whether f is continuous at z = 0. (10 points)
24 2-1-3i
(b) Evaluate lim Fhe— 1o if it exits. Do not use L’Hospital’s rule. (10 points)

z—lti 22— 2242
(5) Let f(z) =23 + 1.
(a) By using the definition of derivative show that f is differentiable everywhere and find f’(z). (
(b) Write f(z) in the form u(x,y) + iv(x,y). ( )
(c) Show that ug(z,y) = vy(z,y) and uy(z,y) = —vz(x,y). (5 points)
(d) Show that f'(z) = ug(z,y) + vy (x,y) = vy(z,y) — tuy(z,y). ( )

5 points)
5 points

5 points
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QUESTIONS

(a) Determine whether u(zx,y) = 3> — 322y is harmonic. If it is harmonic find its harmonic conjugate.

(10 points)

(b) Does an analytic function f(z) = u(z,y) + iv(x,y) exist for which v(x,y) = 23 + y3? Why or why not?

a) Find all values of z for which the following equation ¢* =1 + iv/3 hold.

b) Find all values of (14 4)?~%. Indicate which one is the principle.
b

oo 1 n
a) Evaluate Z ( ) .
= 241

(b) Find the radius of convergence of the power series Z

n=0

Show that sinh z = 0 if and only if z = nwi, n € Z.

(a)
(b)
(a) Express cos (1 + ¢) in Cartesian form.
(b)
(a)

nlz"

n"
(a) Determine where f(2) = 8z — 2% — zy? +i(zy + v* — 8y) is
(i) differentiable
(ii) analytic
(b) Let f(z) =3x+y+i(By —x), z =z + iy.
(i) Find the region D where f is analytic.

(ii) Find the derivative of f and express it as a function of z in D.

(10 points
10 points
10 points

10 points

~— N N N

(
(
(10 points
(
(10 points
(10 points)

(7 points)
(3 points)

(5 points)
(5 points)





