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Question 1.

(a) Find all solutions of the equation 2* + 16i = 0 in polar coordinates and mark them on the
complex plane. (10 points)
(b) Let f(z) be the principle square root function. Compute f(1 + 7).

(10 points)
Answer 1.

(a) Note that 2* + 167 = 0 if and only if 2* = —16i = 16¢'" %, We have shown in class that
24 = 16¢'(=%) has four distinct solutions, namely

1 (=5 +2km)/4) z"s—(‘”“_l)”
2 = 161¢ = 7

=2 . k=0,1,2,3.
If k =0,

0 = 26%’(*%) _

2 cos (—%)+2isin (—%) :2cosg—2ising.
Ifk=1,
i3 3 . a3 LT . ™ .
z1=2e  =|2cosg +2isin ¢ :2sm§—|—2mos§:zzo.
If k =2,
1% 7 . .7 ™ .. T
zp=2e = =|2cos T +2isinF :—QCOS§+QZSIH§:—ZO
If k=3,
illr ™ ™
zy=2e ° =|2cos HT + 2isin LT :—2sin§—2icos—:—izo.

(b) The principal square root function is f(re®) =
1+i=+/2e". Therefore

fa+i) = M@i —|¥2e®

Vre?, r > 0,—1 < 6 < m. Clearly,

oo

:42amg+%@§$ng%110+046d



Question 2. Compute

91 i\?2
(a) (3 j;@) : (5 points)
(3 + 44)(—1 + 2i) .
b 5 t
o [ (o pomts
i3 —1
li ) 5 point
(©) tim (5 points)
25— 64
d . 5 point
@, s 7+s (5 potnts)
Answer 2.
(a)

2+4i\?  (24+4)?  (22-1%)+(2-2-1)i  3+4i  (3+40)(5+12i)
3-2i)  (3—-2i)2 (32-22)—(2-3-2)i 5-—12i (5—12i)(5+ 12i)
_ 15+36i +20i —48  —33+ 56i 33 56

2 + 144 =T 169 160 169"
(b)
‘(3+4z’)(—1+2i) B4 —142i] V344212422 5V5 5
(=1 —4)(3—1) | —1—d[[3—i]  VIZ+12/32+ 12 V2V10 2
(c)
i3 —=1 lim, ;i3 —1 i(@)*—-1 -1 1-1
lim — = — —=—"=——=—=0.
z—i  Z+1 lim,_,; z+1 1+1 21 21

(d) Let f(z) = 2%—64 and g(z) = 2° + 8. Then, we have f'(z) = 6z° and ¢'(z2) = 322
Since 1+ iv/3 = 2¢ *, we have

f(1+i\/§):(1+i\/§)6—64:<2e§>6 2™ _ 64 =64 — 64 = 0,

g(1+iV3) = (1 +iV3)3 +8—(26%) +8 =8¢ +8=-8+8=0,
2

;21

g1 +iV3) =3(1+iV3)? = ( b ) =127 £0.
Therefore L’Hospital’s rule is applicable, and
20— 64 62°

im = lim = lim 2% =2(1+iV3)3 =2 (2e 3) = 166" = —16.
z—1+iV3 23 + 8 z—1+iV/3 322 z—1+iV/3




Question 3. Find the image of the set 2 = {z € C : |z — 1| < 1} under

(a) the mapping f(z) = (3 +4i)z — 2 + 1. (10 points)
1
(b) the mapping f(z) = —. (10 points)
z
Answer 3.
(a) Clearly, w = u +iv € f(2) if and only if f~'(w) € 2. One can easily compute that
1 _w+ 2—1
[ ==
Therefore
-1 w —+ 2—1
— =1 1
f (w)e@@‘ 54 <

Slw+2—i—3—4i| < |34+ 4| =VvV32+42=5
& jw— (14 57)] < 5.
Hence, the image of & under f(z) = (3+4i)z —2+iis{w e C : |w— (1+5i)| < 5}:

Y v
z-plane w-plane

I
@ w
(b) Similarly, w = u + v € f(2) if and only if f~1(w) € 2. Clearly

) =

Therefore

1
f‘%w)é@@‘;—l <le|l—w| < |w|

& (u—1)+iv] < lu+iv] < /(u—1)2 +02 < Vu? + 02

s u-1) 2+ <+ eu? - 2u+1<u?

1
(:>1<2u<:)§<u.

1
Hence, the image of & under f(z) = 2 is {w € C : Re(w) > 1}:

J-{" A
z-plane w-plane

D
<@

x o A,




Question 4.

ou 0
(a) Let f(z) = u+ v be analytic on a domain Z. If 8_u + 8_7) = 0 holds on 2, then show that
€z )
f' is constant there. (10 points)
(b) Write the function f(z) = % in the form f(z) = u(x,y) + w(z,y), z = v + iy, where
z
u and v are real-valued functions of the real variables x and y. (10 points)
Answer 4.

(a) Since f is analytic, u and v satisfy Cauchy-Riemann equations, namely
Uy =V, (1)
Vo = —Uy (2)

If u, + v, = 0, then by (1), we get u, = v, = 0. Therefore u depends only on y and v
depends only on z. That is u(z,y) = ¢(y) and v(z,y) = ¢¥(z). By (2)

V'(x) = —¢'(y). (3)
Since the left hand side of (3) does not depend on y, and the right hand side of (3) does
not depend on z, (3) holds if and only if
V(x)=—-¢'(y) =«
for some real constant c. Hence
f'(2) = us(2,9) + ivg(2,y) = 0+ ic = ic,
a complex constant.
(b)
f(z) = f(z +iy)
(x+1dy) +1 r+i(y+1) B r+i(y+1)
- (x +1y)?+1 - (22 —y?) + 2izy + 1 (22 —y2 + 1) + 2izy
(z +ily + 1)) ((z* —y* + 1) — 2ixy)
(@ =y 4 1) + 2iy) (2% — g2 + 1) — 2iay)
w(2® —y? +1) — 2’y +i(y + 1)(2° —y* + 1) + 2y(y + 1)
(22 —y% 4+ 1)2 + 4a2y?

_ z(@? —y* +1) + 22y(y + 1) . (y+DE@* —y* +1) - 22%
ot oyt 14202 — 20292 — 292 4+ 4a?y? ot byt 1 202 — 2222 — 2y2 + 4a2y?
23+ xy? + v + 2xy Py -y ry+a? -y +1

+1 :
oyt + 14222 + 22292 — 292wt 4yt 4+ 14 222 4 222y? — 22



Question 5.
(a) Determine the region of the complex plane in which the function

fRy=2>—z+y+i(y’—by—=x), z=x+iy

(i) is differentiable. (7 points)

(i) is analytic. (3 points)

(b) Let g(2) = e e, z = o+ 1y. Show that ¢'(z) and its derivative ¢”(z) exist everywhere,

and find ¢"(2). (10 points)
Answer 5.

(a) (1) f(2) =u(z,y) +iv(z,y), where u(z,y) = 2> — z +y and v(z,y) = y* — by — x. Note
that u,(z,y) =2z — 1, uy(z,y) = 1, vy(x,y) = —1 and w,(z,y) = 2y — 5.
Since u, v, Uy, uy, vy, v, are all continuous, f is differentiable at (z,y) if and only if the
Cauchy-Riemann equations

Uy = v, (4)
Vg = —Uy (5)
hold at (z,y).
Clearly (5) holds for all (x,y), but (4) holds only if 2z — 1 = 2y — 5, or equivalently
y=x+2.
Therefore f is only differentiable on the line ¥ = {z =z +iy € C : y=x + 2}.
(i) Since Z has no interior points, f is nowhere analytic.
(b) Note that g(z) = e e ¥ = e *(cos(—y) + isin(—y)) = e “cosy — ie *siny. Therefore
9(z) = u(z,y) + iv(x,y) where u(z,y) = e *cosy and v(x,y) = —e *siny. Clearly,
uz(z,y) = —e “cosy = vy(x,y)
Uy (z,y) = e “siny = —uy(z,y).
Since u, v, Uy, Uy, Uz, Uy are continuous everywhere and Cauchy-Riemann equations are sat-
isfied for all (x,y), g is everywhere differentiable. Moreover,
G (2) = uz(z,y) + v (z,y) = —e " cosy + ie " siny.
Thus ¢'(z) = Uy(x,y) +iV,(x,y) where U(x,y) = —e *cosy and V(z,y) = e “siny. Note
that,
Un(z,y) = e~ cosy = V(. y)
Vi(z,y) = —e "siny = —U,(z,y).
Since U,V,U,,U,,V,,V, are continuous everywhere and Cauchy-Riemann equations are
satisfied for all (x,y), ¢’ is everywhere differentiable, and,

§"(2) = Up(z,y) +iVy(z,y) = e cosy —ie “siny = g(z).
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Question 1. Determine which of the following functions u are harmonic. For each harmonic function find the
conjugate harmonic function v and express u + iv as an analytic function of z.

(a) u(z,y) = 2zy + 3wy® — 2> (10 points)
(b) u(z,y) = xe” cosy — ye” siny. (10 points)
Answer 1.

(a) Clearly,
ug(,y) = 2y + 3y

Upe(2,y) =0
and,
uy(z,y) = 22 + 6y — 6y°
Uyy (T, y) = 62 — 12y.
Thus,

U (2, Y) + Uyy(@,y) = 62 — 12y # 0
in any domain, and hence u is not harmonic.
(b) Clearly,

Uy (z,y) = ¥ cosy + xe” cosy — ye” siny, (1)
Uz (2,Y) = 2" cosy + ze® cosy — ye” siny,
and,
uy(x,y) = —xe®siny — e® siny — ye” cosy, (2)
Uyy (2, y) = —2e” cosy — we® cosy + ye® siny.
Thus, gy (%, y) + uyy(x,y) =0 for all z + iy € C, and hence w is harmonic in C.
Let v be a harmonic conjugate of u. Then u and v should satisfy
Uz (,y) = vy(2,y), (3)

It follows from (1) and (3) that vy(z,y) = e” cosy + xe” cosy — ye” siny for all (x,y), and so

v(z,y) = /(ew cosy + ze” cosy — ye” siny) dy

—e“/cosydy—l—xe”:/cosydy—e”/ysinydy

=e®siny + xe¥siny — e (—ycosy + /cosydy>

= e”siny + xe” siny — ¥ (—ycosy + siny dy) + ¢(x)

= ze®siny + ey cosy + (x). (5)
Using (2) and (5), we obtain

e” siny + we” siny + ey cosy + ¢’ (x) = xe” siny + €7 siny + ye” cosy.
Thus, ¢'(z) = 0 for all (z,y), and so ¢(z) = ¢ for some ¢ € R, and
v(z,y) = ze®siny + e’y cosy + ¢, ¢ € R.
Hence
u(z,y) +iv(z,y) = ze” cosy — ye siny + ixze” siny + ie®y cosy + ic

=e”cosy(z + iy) + " siny(—y + ix) + ic

= e"cosy(z + iy) + ie” siny(x + iy) + ic

= (z +1iy)e”(cosy + isiny) + ic

Je
= (z +iy)e®e” = (z +iy)e”™™ = 2e* + C, z=x + iy, C € C.



Question 2.

(a) Show that for |z — | < \f2, = Z 12_72 an (10 points)
(b) Find all values of z¢ and show which one is the principal value, where z and ¢ are given as z = —1— V3i, e =
V/3i. (10 points)
Answer 2.
(a) We have proved in class that
1 =~ .
T = Zw ,  whenever |w|< 1. (6)

Clearly,
1 1

1 1 1
1z:1i+i2’:(1i)(Zi):1i<1_i_l:>. "

Let w = ? Clearly,
—1

— |z — 1] |z — 1 . ) .

S| = = < 1if and only if |z — i| < V2.
1—1i 12+ (—1)2 V2 y if | |
Then, it follows from (6) that,

1_%_Z(i_z> —Zg_327 for |z —il < V2. (8)

n=0

jw| =

Combining (7) and (8) together, we obtain

I 1 (=) = (z—i) )
_171‘;(1—1')"_7;)(172‘)”“’ for |z —i| < V2.

(b) The power function z¢ is defined by
26 = eclogz — ec(ln|z|+iarg(z))’ P ;é 0. (9)

2 2
If z = —1 — /3i, clearly, |z| = 2, Arg(z) = —%, and so, arg(z) = —% +2nm, n € Z. (Remind that for
any z € C\{0}, —7 < Arg(z) <m.)

Y
W\
-1
T s
S Y/x] 2
: 6
- T
-
2
Therefore, putting ¢ = v/3i, |z| = 2, and arg(z) = —% +2nm, n € Z in (9), we obtain
(_1 _ \/§’L) i f2(1n2+2( +2n7r)) _ ezfln2+2f"' —2n/31
_ ﬁf2n\/§wei\/§1n2
= e%_%ﬁﬂ(cos(\/gln 2) +isin(v3In2)) neZ. (10)

The principal value occurs if we use Arg z instead of arg z in (9), so it corresponds to n = 0 in (10), namely,
the principal value of (—1 — v/3i)V3% is

eV (cos(v/31n2) + isin(v/31n2)).



Question 3. Find all solutions of the equation sin z = i by using

(a)

the expression sin z = sin x cosh y + ¢ cos x sinh y.

(10 points)

1
(b) the inverse function arcsin z = —ilog (zz +(1—-2%)* ) (10 points)
Answer 3.
(a) Clearly,

sinz = sinxz coshy 4+ ¢cosxsinhy =4
if and only if
sinz coshy = 0,
and
cosxsinhy = 1.

(11)

(12)

Since coshy > 1 for all y € R, it follows from (11) that sinz = 0. Thus = n7, n € Z. Putting x = nz in

(12), we obtain
cos(nm)sinhy = (—=1)"sinhy = 1.
And, hence
sinhy = (—1)™.
6y — 67:’1
2 3
sinhy = (-1)" < e —e ¥ =2(-1)"
e —2(—1)"e¥ — 1

w =(-1)"+ V2.

Since (—1)" —v/2 < 0 for all y € R, ¢¥ = (—1)" — v/2 never holds. Therefore
sinhy = (=1)" e e’ = (-1)"+V2 e y=In(v2+ (-1)").

Since sinhy =

el =

Therefore,
sinz=i e z=nr+iln(v2+ (-1)"), n € Z.

Note that V2 — 1 = implies In(v/2 — 1) = —In(v/2 4+ 1). And so,

1
V241
In(vV2+ (-1)") = (=1)"In(v2 + 1).

Thus, we may write (14) in the form:

sinz=ie z=nr+ (—1)"In(v2+1)i = n7 +i" ' In(v2+ 1), n€ Z.

Clearly,
sinz =1 < z = arcsing
= —ilog(i®> + (1 —i%)?)
= —ilog(—1+2?)
= —ilog(—1+2)
= —i(ln| — 1+ V2| +iarg(—1+V2))
=arg(—1+Vv?2) —iln| -1+ V2|

(13)

Since | — 14 v2| = V2 F 1, arg(—1 + v/2) = 2n7, n € Z, and arg(—1 — v/2) = (2n + )7, n € Z, we have

sin z = ¢ if and only if
z=2nm—iln(v2—-1)=2nr+iln(v2+1), neZ
or
z=2n+1r—iln(v241), n € Z
(Compare this result with (15).)



Question 4. Let C denote the positively oriented boundary of the square whose sides lie along the lines z = 42

and y = +2. Evaluate the following integrals.

z
(a) %(122'*'1 dz.

e~3% sin(2?)

(10 points)

(10 points)

Answer 4. The contour C is shown below:

21

=
(e=]

(a) Using the method of partial fractions, we get
. z+5—3 1 I

1
22+1 2241 2 22z+41) 2 4(z—(-3))

% i dz:?/)}dz—lyg%dz.

Therefore

(16)

1
Since f(z) = 3 is analytic in a simply-connected region containing C, the first integral on the right hand

side of (16) is 0 by the Cauchy-Goursat theorem.

On the other hand, we have proved in class that: If C' is a simple closed contour and zg is a fized complex

number such that zg lies interior to C, then

d
yg c o,
CZ—ZO

Therefore, the second integral on the right hand side of (16) is 274, and so
z 1 m
—E de=—omi= -1
}é 22417 T T T

(b) Clearly, e=3%, sin(22), and z + 5 are entire functions, and so f(z) =

z+5

3
e
except at z = —5. Since —5 does not lie on C' or in the region interior to C, yg
c

Cauchy-Goursat theorem.

e~3% sin(2?)

is analytic everywhere

dz is 0 by the



Question 5.

INTE

(a) Evaluate /Csinh 5zdz, where the path C is parametrized as z(t) = 5 cost +iG(sint 4 1) for =5 <t <
(10 points)
(b) Evaluate / 2 dz where C is the upper half of the circle |z| = 4, oriented clockwise as shown in the figure

C
below. (10 points)

Answer 5.
(a) Note that z(t) = Z cost 4+ i5(sint 4+ 1) = Z(cost + isint) +if = Ze* +i%, —% <t < . Thus, C is the
simple contour shown below:

Since C is a simple closed contour and sinh z is analytic in a simply connected region containing C, we

can use the theorem proved in class on definite integrals involving antiderivatives to evaluate [ sinh5zdz.

C
d sh 5 sh 5
Clearly, - (cos5 Z) = sinh 5z. Thus, CosYZ is an antiderivative of sinh 5z and so we have
z
i h5z|" h 57 h
/ sinh 5z dz :/ sinh zdz = cosh 52 e o _ws 0.
c 0 5 | 5 5
Using the formula cosh z = € —;e , one can easily evaluate that coshbmi = —1 and cosh0 =1, and
S0, ‘
o 1 1 2
/ sinhbzdz = / sinhzdz=—-—-— - =—-.
C 0 5 5 5

(b) We can use the parametrization z(t) = 4e~ = 4cost — 4isint, m < ¢ < 27 for C. Hence,
2
/ xdz = / 4cost(—4sint — 4dicost) dt
C ™

2m 2m

= —16/ sintcostdt — 161’/ cos® t dt
;Tﬂ' 2m "

= —8/ sin 2t dt — 82'/ (cos2t +1)dt

2w
— 8it

27 27

=4cos2t| —4isin2t

s s s

= —8m1.
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Question 1.
(a) Evaluate yg c s dz, where C' = {z : |z| = 1}. (10 points)

c
1 27 o (T 0

(b) Evaluate 2—/ sin <6 + 2¢’ ) df. Hint: Use Gauss’ mean value theorem. (10 points)
T Jo

Answer 1.
(a) Let f(z) =e®cosz. Since f is entire, by the Cauchy integral formula for derivatives

3! e?cos z
" 0 - d .
f()2mé A

Clearly,
f(z) =¢e*cosz— e sinz
1"(z2) =€ cosz —e*sinz —e*sinz — e*cos z = —2¢” sin 2
" (2) = —2€*sin z — 2¢* cos 2.

Therefore, f”(0) = —2, and so

(b) Gauss’ mean value theorem asserts that if f is a function analytic in a domain containing

the disk {z : |z — 29| < R}, then
1 2m )
ﬂ@:%éjm+&%w

Since sin? z is entire we can apply the above formula for any 2y € C and any R > 0
s
Putting f(z) = sin®z, 2y = 5 and R = 2, we get
w? (7)) = o= s (T 4207 ds
sin <6 27?/0 Sin 6—|— e .

1
Since sin® (%) =7 we have



Question 2.
(a) Find all functions f(z) which are entire and satisfy the conditions:
(i) f(2—1) = 4.
and
(ii) |f(2)| < €?* for all z.
(10 points)
(b) Find all functions f(z) which are analytic in R = {2 : |2| < 1} and satisfy the conditions:
(i) f(0) = 3.
and

(ii) |f(2)] <3 forall z € R.
(10 points)

Answer 2.

(a) By (ii), f is bounded. Since f is entire, it is constant by the Liouville theorem. Since
f(2 — i) = 41, this constant value should be 4i. Therefore the only function satisfying (i)
and (ii) is the constant function f(z) = 4i.

(b) Maximum modulus theorem asserts that a nonconstant analytic function on a bounded
region cannot take its maximum modulus value at an interior point. By (i) and (ii), the
maximum modulus value of f is 3 and taken at the origin, which is an an interior point.
Therefore f should be constant. Since f(0) = 3, this constant value should be 3. Therefore
the only function satisfying (i) and (ii) is the constant function f(z) = 3.



Question 3. Express the following quantities in u + v form

(a) tan (7T ;_ Z) (10 points)
(b) Log(iv2 — V2). (10 points)

Answer 3.
(a) Recall that

sin(x 4 iy) = sinx cosh y + i cos x sinh y,

cos(z + iy) = cosx coshy — i sin x sinh y.

(w + z) sin
tan =
2 CcoS

Therefore,

%) +icos (%) sinh ()

%) —7sin (g) sinh (%

1 e2 —e 2 1 s + ez

Noting that sin (Z) =1, cos W) = 0, sinh (—) = —— and cosh (—) =
2 2 2 2 2

we get

(b) By the definition,
Log(iv2 — V2) = In |[iv2 — V2| + i Arg(iv2 — V2),

where —7 < Arg(iv/2 — /2) < w. Clearly, |iv2 — v/2| = 2 and Arg(iv/2 — v2) = (See
the figure below.).

-Va

Hence

Log(iv2 — v2) =In2 + z%ﬁ.



Question 4.
(a) Without evaluating the integral, show that

dz <7r
21— 3
c

where C' is the arc of the circle |z| = 2 from z = 2 to z = 2i that lies in the first quadrant.
(10 points)

d
(b) Evaluate }lg 5 © ] where C' = {z: |z| =7} withr <1lorr>1. (10 points)
cc =
Answer 4.
1
(a) On C, 2| =2, and so |22 — 1| > [2[* = 1 = 3 and | 1‘ < 3 Since the length of C' is
z —

7, using the M L-inequality, we obtain

dz <7r
2_1]— 3
c

(b) Using the simple fractions method, we obtain
1 1 1 1 1

2_-1 2:-1 2241

Thus,
% dz _lyg dz 1% dz
c22—1 2Joz—1 2Joz+1
Ifr>1,
yg dz % dz ,
= = 21,
CZ—l CZ+].
and if r < 1,

Hence in any case




Question 5.
(a) Determine where f(z2) = —2(zy + z) + i(2* — 2y — 9/?) is differentiable, and evaluate the

derivative at those points where it exists. (10 points)

(b) Determine whether u(z,y) = 2z(1 — y) is harmonic in C, and find its harmonic conjugate

if it is harmonic. (10 points)
Answer 5.

(a) f(2) = u(z,y) +iv(z,y) where u(z,y) = —2(xy + z) and v(z,y) = > — 2y — y*. Since u
and v are polynomials, they are continuously differentiable everywhere. Moreover
ug(z,y) = =2y — 2, uy(z,y) = -2z, vy(x,y) =2z, vy(r,y) = —2 — 2y.
Since u,(z,y) = vy(x,y) and v,(z,y) = —uy(x,y) everywhere, Cauchy-Riemann equations
are satisfied in C and hence f is differentiable everywhere. The derivative of f is
'(2) = uz(x,y) + vy (2, y) = —2y — 2 + 2z = 2i(x +1y) — 2 = 2iz — 2.

(b) Clearly, uy(x,y) = 2(1—y), ups(z,y) = 0, uy(x,y) = =2z, and uy,(z,y) = 0. Since u is two
times continuously differentiable and satisfies the Laplace equation u,,(x, y)+vy,(z,y) = 0,
it is harmonic in the whole complex plane. Let v be a harmonic conjugate of u. By the
Cauchy-Riemann equations,

vy (2, y) = ux(z,y) = 2(1 —y),

and so
v(z,y) = /2(1 —y)dy =2y — y* + o(x).
Since v, (x,y) = —uy(x,y), we get
¢'(z) = 2z,
and hence
p(x) =2* +C

for some C' € R. Therefore
v(z,y) =2y —y*+2° + C,
for some C € R.
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QUESTIONS

(1) (a) Find all solutions of the equation (—8 — 8+v/3)% in polar coordinates and mark them on the complex plane.
(10 points)
(b) Find the square roots of 2i. Indicate which one is the principal. (10 points)
(2) (a) Perform the required calculations and express your answers in the form a + bi.
(i) ™. (5 points)
(ii) (14iV3)(i + V3). (5 points)
(b) Find the following limits.

N . 22t z—2+41 .
(i) ZEIBFZ o1 (5 points)
2 —1-3i
(ii) lim u (5 points)

z— 141 22 — 2z + 2
(3) Find the image of the right half-plane Re(z) > 1 under

(a) the mapping f(z) = 2* + 22+ 1. Hint: 22 +2z+1= (2 +1)2 (10 points)
1
(b) the mapping f(z) = —. (10 points)
z
(4) (a) Assume that f is analytic in a region and that at every point, either f = 0 or f' = 0. Show that f is
constant. Hint: Consider the function (f(z))2. (10 points)
(b) Express the function f(z) = z° + 2% in the polar coordinate form wu(r,6) + iv(r,#). For what values of z is
this expression valid? Why? (10 points)

(5) (a) Determine the region of the complex plane in which the function
fe)=a®+iy?, z=ux+iy
(i) is differentiable. (7 points)
(ii) is analytic. (3 points)
(b) Let g(z) = coszcoshy —isinasinhy, z = x4 iy. Show that ¢'(z) and its derivative g”(z) exist everywhere,
and find ¢"(2). (10 points)
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QUESTIONS

(1) (a) Does an analytic function f(z) = u(x,y) + iv(x,y) exist for which v(z,y) = 2% + y>? Why or why not?
(10 points)
(b) Show that u(z,y) = 2x — 23 + 3zy? is harmonic in some domain and find a harmonic conjugate v(z,y).
(10 points)
(2) (a) Use the ratio test to find a disk in which the following series converges and find its sum in that disk.
(2 —0)"
(10 points)
(b) Find the principal value of (1 +14)™. (10 points)
(3) Find all solutions of the equation sin z = i by using

(a) the expression sin z = sinx coshy + i cos z sinh y. (10 points)
1
b) the inverse function arcsinz = —ilog (iz + (1 — 22)? ). 10 points
g
4) Let C ={z: |z| = 1}. Evaluate the following integrals.
g g
(a) }Z% 221 T dz. (10 points)
1

b ——d=z. 10 point

()9%4z2—4z+5 ‘ (10 points)
(5) (a) Evaluate /c e® dz, where C is the line segment from 2 to i7. (10 points)

(b) Evaluate the integral / Zdz where C'is the part of the circle |z| = 2 in the right half-plane from z = —2i to

c

z = 2i. (10 points)
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(1) (a) Evaluate 7% m dz, where C = {z: |z| = 1}. (10 points)
(b) Evaluate yg % dz, where C ={z: |z —i| =1}. (10 points)
c

(2) (a) Let f be an entire function with the property that |f(z)| > 1 for all z. Show that f is constant. (10 points)
(b) Let f be a nonconstant analytic function in the closed disk {z : |z| < 1}. Suppose that |f(z)] = 3 for

z € {z: |z| = 1}. Show that f has a zero in D. (10 points)

(3) Express the following quantities in u + iv form
(a) sinh (1 + 4m). (10 points)
(b) (144)™. (10 points)

1
(4) Evaluate / T dz for the contours shown below
cr =

(10 points)

(10 points)
(5) (a) Determine where f(z) = 2® — 32% — 3zy® + 3y + i(32%y — 6xy — y*) is differentiable, and evaluate the
derivative at those points where it exists. (10 points)

(b) Determine whether u(z,y) = 2z — 2® + 3xy? is harmonic in C, and find its harmonic conjugate if it is
harmonic. (10 points)



