Math 351
Old Exam Questions

2005-2006 Fall, Midterm 1
1. Let 2y =4 -3¢, 20 =1+7¢ and 23 = -1+ 2i.
(a) Find |z].
(b) Find Im(z;22).

(¢) Write “L_in the standard form.

2223

—2i
2. Write T2 in the exponential form. What is the principal argument?
i

3. Find all roots of the equation 2> + 1 = 0, write them in the standard form and locate them in the
complex plane.

4. Find the regions in the complex plane in which the following functions are analytic and determine
their derivative in those regions.

(8) f() = y? + i,
(b) f(z) = % +1.

5. Show that the function u = = + e¥ cosx is harmonic and find its harmonic conjugate.

2005-2006 Fall, Midterm 2

1. A polynomial p(z) of degree four has a zero with multiplicity 2 at the point z = —1 and two zeros,
each with multiplicity 1, at points z = ¢ and z = —i. Find p(z) if p(1) = 16.

4

2. Write the polynomial p(z) = 2% — 22 + z + 1 in the Taylor form centered at z = —1.

3. Find all solutions of the equation cos z = sin z.
. 2 Zﬂ'
4. Solve the equation Log(z* — 1) = b for z.

5. Find the principal value of 4z
6. Find the derivative of the principal branch of z'*! at z = i.

7. Find all roots of the equation cosh z = —2.

[NIE

z

8. Indicat ion in which the functi =—
ndicate a region in which the function f(z) e

is analytic.



2005-2006 Fall, Final

1.

Let C denote the positively oriented circle |z +mi| = 2. Use the Cauchy integral formula to evaluate
the int 1 / _edz dz
e integra .
2 c (22 + 7-[-2)2

Evaluate the contour integral / 2z dz where C' = C7 + L is the contour consisting of the parabolic

C
arc y = 22 from the origin z = 0 to the point z = 1 + 4, joined by the straight line from the point
z =1+ to the point z = —1, as shown in the figure below.

Let C denote the circle |z — zg| = R, taken counterclockwise. Use the principal branch of the
integrand to evaluate [ (z — 29)* ' dz where a is any real number other than zero. What is the

c
value of the integral when a =1, 2, 3,---7

. Let C denote the circle |z| = p, (0 < p < 1), oriented counterclockwise direction, and suppose that

f(2) is analytic in the disk |z| < 1. Show that if 272 represents any particular branch of that power

/z_%f(z)dz <27 M./p.
c

Thus, show that the value of the integral approaches zero as p tends to zero.

of z,then there is a nonnegative constant M, independent of p, such that

Find all roots of the equation sinh z = 1.
Show that u(z,y) = sin x sinh y is harmonic in some domain and find a harmonic conjugate v(z,y).

Show that the function f(z) = e~ cos(Inr) +ie~?sin(Inr), (r > 0, 0 < 6 < 27) is analytic in the
indicated domain and satisfies zf/(z) = if(2).

2004-2005 Fall, Midterm 1

1.

(a) Prove that Re(iz) = —Im(z) and Im(iz) = Re(z) for any complex number z.
(b) If @ is a real and z is a complex number, prove Re(az) = aRe(z) and Im(az) = aIm(z).

(¢) Prove that Re: C — R is a linear map.

1
(a) Using polar coordinates, prove that z — z + — maps the unit circle |z| = 1 to the interval
z
[—2,2] on the x-axis.

(b) Calculate the n*® root of the unity. Explain clearly.

(a) Are the real and imaginary parts of f(z) = 2% harmonic or not? Explain clearly.

(b) If f is analytic on A = {z | Rez > 1} and % + g—z =0 on A, then prove f’ is constant on A.
(a) Write the following functions in the form w = u(z,y) + iv(z, y).
1
i f(z) = e |
ii. g(z) = ;7121

1 1 1
(b) If J(2) = 3 (z + ), then calculate J () Explain clearly.
z z



2004-2005 Fall, Midterm 2

1
1. Prove that there does not exist an analytic function defined on C\{0} such that f’(z) = —. Explain
z

clearly.

2. (a) Calculate / 23 dz, where C is the portion of the ellipse 2 + 4y® = 1, that joins z = 1 to
c

62
—d
/022—&—1 :

counterclockwise direction. Explain clearly.

7
z=—.
2

(b) Find an upper bound for

, where C' is the circle |z| = 2 traversed once in the

3. (a) Prove that cosh? z — sinh? z = 1.
(b) Calculate sinh(z; + 22).
(c) Calculate sin(27).
Explain clearly.
4. (a) Differentiate the following functions, giving the appropriate region on which the functions are
analytic.
ieo .
ii. sin(e®)
(b) Calculate.
i. logi.
ii. log(1—1).

2004-2005 Fall, Final

1. (a) Prove that |z12023] = |21]|22]|23]-
(b) Calculate 7.
(¢) Solve the following equation: sinz = 0.

Explain clearly.
2. Evaluate / 72 dz along the two paths joining (0,0) to (1,1) as follows.
c

(a) C is the straight line from (0,0) to (1,1).
(b) C is the broken line joining (0,0) to (1,0), then (1,0) to (1,1).

]

(b) Prove that cos™!z = —ilog [z +(22-1) }

Explain clearly.

Nl

3. (a) Prove that sin™! z = —ilog [zz +(1—22)

Nl

Explain clearly.

4. (a) Is f(z) = |z| analytic or not? Explain clearly.
(b) Let f be an analytic function on an open connected set A and suppose f("+1)(z) exists and is
0 on A. Then show that f is a polynomial of degree < n. Explain clearly.

5. Prove that: A map f: A — C, when A is open, is continuous if and only if for every open set
U C C, f~Y(U) is open. Use this to prove that if f : A — C and g : B — C are continuous and
f(A) C B, then g o f is continuous. Explain clearly.



2003-2004 Fall, Midterm 1

5 5
1. (a) Express 2i%" — —7 + 31" in the form a + bi.
i

(b) Express (1 —)? in the form re®.
1 1
2. Find all the values of <2 - ?z) .

3. Sketch the following regions:

(a) |z —2—1] <5
(b) —2<TImz <2

1
4. Find the region where f(z) =
z

entire?

1 is analytic by using Cauchy-Riemann equations. Is this function

5. (a) Show that the function u = 23 — 3zy? — 222 + 2y? + 5z is harmonic.

(b) Find a harmonic conjugate to u.

2003-2004 Fall, Midterm 2

1. Find all values of z which satisfies the equation sin z = i.

1
2. Find the principal value of z* where z = 16i and w = YR
i

3. Let f(z) = 3tanh(2z). Find the explicit form of f~!(z).

4. Find two different parametrizations for the contour seen in the figure.

Y

7

AN

-1 1

5. Evaluate the integral /(32 + 5%Z) dz where T is the line segment from origin to 2 + i.
r

2003-2004 Fall, Final
1. Are the following functions entire? Explain.
(a) f(z) =22 +2
1
(b) g(z) = 1422
(c) h(z) =123 — 3zy? + 322 — 3y + i(322%y — y> + 62y).

2. Find all values of (—1)%.



Find all the solutions of the equations
(a) sinhz=0
(b) coshz =0

Evaluate the integral / 22 dz where C' is the line segment from origin to 1 + 3.
c

1— 2
Evaluate the integral / o dz where C is
c 2(1+42%)
(a) The circle |z — 5 —i| = 1.

1
(b) The circle |z| = 7

dz
Evaluate the integral / where C' is the rectangle with vertices z; = 6, 2z = —6,

¢ (22 +9)?
23:—6—6i, 2’4:6—67:.

Hint: If f is analytic inside and on the simple closed contour I' and if z is any point inside I', then

n! s
fM(z) = Qm/F(S—f(z))n‘Hds

2002-2003 Fall, Midterm 1

1.

Either prove the following claim, or give a counter example: An open set contains no accumulation
points.

Sketch the region |z —i| + |z + ¢ < 5, Imz > —1.
Evaluate (—24 — 241/3i)3.
Find the image of |z — 3| = 1 under the mapping w = 4iz + 2i.

23 + 2% + 2y? — y? +i(22y + 22y + y?)
2?2+y?+2c+1

Let f(z) = . Is f differentiable?

. Determine where the derivative of f(z) = 22 + iy? exists and evaluate the derivative there.

2002-2003 Fall, Midterm 2

1.

Ll

Show that u(wz,y) = 423y — 4xy® is harmonic on any domain and find a harmonic conjugate.
Find all roots of the equation e* = —1 — V/3i.

Find all roots of the equation cos z = 2.

Find the principal value of (ﬂ + zﬁﬁ

Let 2z = f(w) = sinh(2w). Find the inverse function w = f~1(z) as an explicit function of z.

2
Evaluate / - where C is the circle |z — i| = 4, counterclockwise.
C zZ—1

Hint: Use the principal branch —7 < 6 < 7.



2002-2003 Fall, Final

1. Find all the roots of the equation z° + 1 = 0.

2. Is the function f(z) = entire? Why, why not?

cosnz

3. Find all roots of the equation tanh z =

DO | =

4. Find the principal value of (—2\/3 + 24)%7°
5. Evaluate the integral / Z dz where C is the part of the curve y = 23 from z; = —2—8i to 2o = 1+1.
c

4464
6. Evaluate / % dz where C is the circle given by
c R — 64

(a) C: |z+5i =3.
(b) C: |z+5¢ =1.
7. Let P(z) = z + 2% + 23. Show that, when |z| > 2, |P(2)] < 2|z|3.

2001-2002 Summer, Midterm 1
1. (a) Evaluate /—27.

(b) Simplify the expression B9 +19)

4+ 21
2. Express sin46 in terms of sin# and cos 6.

Sketch the region |z — 2| < 2, Imz < 0.

Find the image of the line segment z = 4, —1 < y < 1 under the transformation w = 2.

- W

5. Find the points where the function f(z) = |z|> + 22 is differentiable.

6. Is the function f(z) = e v cos(2zy) + ie®” v’ sin(2xy) entire? (analytic everywhere)

2001-2002 Summer, Midterm 2

1
1. Let u(z,y) = ——. Is u harmonic?

2. Let tanh z = % Find z.

1—i\*
3. Evaluate < ) .
1+

4. Find real and imaginary parts of sin(3 + 5i).
5. Let e** = Log(v/2 4+ iv/2). Find z and y.



2001-2002 Summer, Final

1. Evaluate (—8 — 8v/3i)7.

2. Let f(z) =1+ 22 —y? + 3ay? — 23 +i(y3 — 3yx? + 2xy). Is f entire?
3. Find the real and imaginary parts of Log(Log(1 + %)).

4. Evaluate (i — 1)L

1
5. Evaluate/ ———=dz where C: |z—1|=1.
cVvz—1

2
1
6. Evaluate / G dz where C' : |z —5i| = 1.

c (22 +9)(22 + 25)

2001-2002 Fall, Midterm 1

1. Find all roots of the equation z* + 1 = 0 in rectangular coordinates, exhibit them geometrically,
and point out which is the principal root.

2. Show that when w = f(2) = 22 = (22 — y?) + i(2zy) = u(z,y) + iv(z,y), the image of the closed
triangular region
S={(z,y)][0<z<1,0<y <z}

is the closed semiparabolic region
1
S/:{(u,v)|0§v§2,0§u§1_11)2}

Verify the corresponding points on the two boundaries shown in the figure.

0 coooA

3. (a) Give the definition of lim f(z) = wo, and prove that

Z—00

1
lim f(z) =wp if and only if lir%f () = wyp.
Zz— z

Z— 00



(b) Use part (a) to show that when

az+b
cz+d

f(z) = (ad — bc # 0), zlir&f(z):% if ¢#0.

4. Use the Theorem about the existence of f’(z) to show that the function
f(z) =sinzcoshy + icosxsinhy
has a derivative at every point z = (z,y) and find f’(2).

5. Suppose the component functions v and v of

w = f(z) =ulz,y) +iv(z,y)

have continuous first-order partial derivatives in a neighborhood |z — z9| < ¢ of a nonzero point
20 = roe’?. The real and imaginary parts of w = u + v are expressed in terms of r and 6 by means
of the coordinate transformation

r =rcost, y=rsinf.

(a) Use the chain rule to show that

sin 0 . cos
Uy = Uy COSO — Ug——, Uy = U, SiN0 + ug
, 1

<Similarly, then v, = v, cosd — vy , Uy = Upsinf + vy

sin 6 cos 0 )

(b) If the partial derivatives with respect to x and y satisfy the Cauchy-Riemann equations at
Zp = o + 1Yo
Up =V, Uy = —Vp

show that the partial derivatives of u and v with respect to r and 6 satisfy the polar form of
the Cauchy-Riemann equations at zy = roe?°

1 1
Upr = —V9, —UY = —VUp.
r T

Hint: Use part (a).

2001-2002 Fall, Midterm 2
1. Let f(z) =e*.

(a) State why f is analytic in any domain D that does not contain the origin.

(b) Write f(z) in the form f(z) = u(z,y) + iv(z,y). Why is Re(e*) harmonic in any domain D
that does not contain the origin? Is Im(e*) also harmonic in such a domain?

2. (a) Show that sin z = —isinh(iz), cos z = cosh(iz).

(b) Derive the identity: |cosh z|> = sinh? z + cos?y, for all z = z + 4y, and use it to find all zeros
of cosh z.

3. Find all values of (1 —)* and indicate which one is the principal value.

4. (a) Derive the formula cos™t z = —ilog[z + i(1 — 22)z].

(b) Use the formula in part (a) to find all values of cos™! /2.



5. Let f(z) be the principal branch
pTIH = (P Loss (1550, —7 < Argz < 7)
of the indicated power function.
(a) Write f(2) in the form f(z) = u(r,0) + iv(r,0) for 2 = re? in the domain D : r > 0,
—m < 0 < 7 and show that |f(z)| = %670.

(b) Evaluate f/(z).

2001-2002 Fall, Final

1. Let f(z) be the branch

pTH = (P Losz (15150, —7 < Argz < )
of the indicated power function.
(a) Use the parametric representation z = € (—7 < 6 < 7) for the unit circle C' : |z| = 1 to

evaluate the integral I = / f(z)dz.

(b) Show that f(z) = 271+ = e(=1+)Log2 hag an antiderivative F(z) = —iz’ in the domain
: |z] >0, =7 < Argz < 7, and evaluate / f(z)dz = f( ) dz where C' is any contour

from —i to ¢ that except for its end points, lies in the right half plane x > 0.

1
2. (a) Evaluate / —dz on the circle C : |z| = R, taken in the positive sense.
c ?

(b) Show that the integral of part (a) is 0 for every simple closed contour C' not enclosing the
origin and not through the origin.

(¢) Show that/

— dz = 0 for every simple closed contour C' not through the origin.
c ?

1 1
Hint: f(2) = — has an antiderivative F'(z) = —— in the domain D which consists of all
z
complex numbers z # 0.

1 1
3. Let C: |z2| =2,Cy: |z—1] = 3 and Cy : |z + 1| = 3 all described in the counterclockwise

direction.

(a) Apply the extension of the Cauchy-Goursat Theorem to integrals along the boundary of a
multiply connected domain to show that

1 1 1
dz = d ——dz.
/0,22—1 * /0122—1 Z+/C222—1 *

b) Evaluate ! dz = Ziﬂdz.
( 1

c, *T

1 _
(c) Evaluate/ - dz :/ A S
o, 27— 1 o, 2 —(-1)




dz by using the parametric representation z = 2¢* (0 < 6 < 27) for C,

(d) Evaluate /

2
c T — 1
and check your answer by the result in part (a).

4. Suppose f(z) is entire and there is a nonnegative constant M such that |f(z)| < M for all z. Let

5.

C be a circle |z — 29| = R, taken in the positive sense, where zq is any fixed complex number.

1 e,
27i /C (z — 20)? d

(b) Use part (a) to show that f’(z9) = 0 for every complex number zg.

M
(a) Show that |f'(z0)| = <7 R>0.

(¢) Give an example of an entire and bounded function in the complex plane.
Let f be the function f(z) = e* and R the rectangular region 0 <z <1, 0 <y < 7.

(a) Show that |f(z)] is continuous on R and it takes its maximum value at some point zg in R.

(b) Hlustrate the use of the Maximum Modulus Principle by finding points in R where |f(2)|
reaches its maximum value.

2000-2001 Fall, Midterm 1

1.

By writing 1+ 1/3i in the exponential form, performing the needed operations, and finally changing
back to rectangular coordinates, show that

(14+V3i)710 = 271 (1 + V/3i).

. Find all roots (—8 — 8\/§i)% in rectangular coordinates, exhibit them geometrically, and point out

which is the principal root.

Show, indicating corresponding orientations, that the mapping w = f(z) = 2? transforms lines
y = c (¢ > 0) into parabolas v? = 4c%(u + ¢?), all with foci at w = 0.

Show that the function f(z) = e¥(cosx — isinz) is differentiable at every point z = x + iy = (z,y),
and evaluate f'(z).

Suppose that the function f(z) = u(r, 8) +iv(r, 8) has the derivative f'(z) at (r, ) so that the polar
form of the Cauchy-Riemann equations

1 1
Up = —Vg, —Ug = —Ur
T T

are satisfied, by the partial derivatives of u and v, at (r,0). Show that

sin 6 . cos
Uy = UpCOSO — ug——, Uy = UpSin G + ug
r
sin 6 . cos
Vg = Uy COS O — vg , Uy = Uy sinf + vy
r

Then use this equations to show that the partial derivatives satisfy the Cauchy-Riemann equations
in Cartesian coordinates uy = vy, uy = —vy at z = (z,y).

10



2000-2001 Fall, Midterm 2

_Yy
m2 + y2
0 = (0,0). (Hint: Show that u(z,y) = Re[f(z)], where f(z) =

_ Yy
x2 4+ 2

1. (a) Show in two ways that u(z,y) = is harmonic in any domain D which doesn’t contain

)

SRS

(b) Find a harmonic function conjugate v(z,y) of u(x,y) =

2. (a) Use the reflection principle to show that

sinhz =sinhz for all z.

(b) Show that sinh z = sinh z cos y + 4 cosh x siny, where z = z +4y. Find all roots of the equation
sinh z = ¢ by equating real parts and imaginary parts in that equation.

3. (a) Show that cosz = cosx coshy — isinx sinhy, where z = z + ¢y. With the aid of the identity
above show that sin z sinh y is everywhere harmonic.

(b) Solve the equation cos z = v/2 for z, by using the identity obtained in part (a).

4. Find all values of the following powers:

w ()
(b) .

5. Let f(z) be the principal branch
pTIH = (P LosE (151 50, —1 < Argz < )

of the indicated power function, and let C' be the positively oriented unit circle |2| = 1. Use a

parametric representation for C' to evaluate the integral I = / f(z)d=.
c

2000-2001 Fall, Final

1. Apply the Cauchy-Goursat Theorem to show that / f(2)dz = 0 when the contour C'is the circle
c
|z] = 1, in either direction, and when

(a) f(z) = Log(z +2).

(Hint: Show that f(z) is analytic everywhere except on the half line z < -2, y =0.)
(b) f(z) =tanz.

(Hint: Show that none of the singularities of f(z) lies within and on C.)

2. (a) Let C denote the positively oriented boundary of the square region R bounded by the lines
x = %2, and y = £2. Evaluate the integral:

/ Ccos z 0
c2(z2+8)

(Hint: Show that f(z) = OPE s analytic inside and on C.)

22+ 8

11



1
(b) Find the value of the integral / 53 d%, where C' is the circle |z — i = 2 in the positive
sense c @+
(Hint: Show that f(z) = ———= is analytic within and on C, and then evaluate | ———— dz.)
(z + 21)2 o (z—2i)2

3. (a) Suppose that z = z(t), a <t < b, represents contour C, extending from a point z; = z(a) to
a point zo = z(b). Let the function f(z) be piecewise continuous on C. Let L be the length of
C, and M be the maximum of |f(z)| on C. Show that

/C f(z)dz

(b) Let zg be a fixed point in the plane. If f(z) is analytic within and on a circle C': |z — 29| = R,
taken in the positive sense we know that

£ (z0) = n! /C(f(Z)dZ n=01,2--.

2mi z—zo)nt1

< ML.

Let Mg be the maximum of |f(z)] on C. Apply the inequality in part (a) to obtain the
Cauchy’s inequality:
’I’L'MR

£ (20)] < T

(n=0,1,2,---.)

4. (a) State the Liouville’s Theorem.

(b) Suppose that f(z) = u(z,y) + iv(z,y) is entire and that u(x,y) has an upper bound; that
is, u(z,y) < wg for all points (x,y) in the xy-plane. Show that u(z,y) must be constant
throughout the plane.

(Hint: Apply Liouville’s Theorem to the function g(z) = e/(*).)

5. (a) State the Theorem which is known as the Maximum Modulus Principle.

(b) Let a function f be continuous in a closed and bounded region R, and let it be analytic and
not constant throughout the interior of R. Assuming that f(z) # 0 anywhere in R, prove that
|f(2)| has a minimum value in R which occurs on the boundary of R and never in the interior.

)

1
(Hint: Apply the Corollary of the Maximum Modulus Principle to the function g(z) = m
z

1999-2000 Fall, Midterm 1

2
1-9)B-9)(+2)
b) Show that |z122] = |21||22| where z; and 25 are any two complex numbers.

a) Simplify

a) Find all the roots of z* = —2(1 + /3i).

(

(b)
2. (a)

(b) Write the de Moivre’s formula, then use it to prove any trigonometric formula you like.

(a) Write the Cauchy-Riemann equations in Cartesian coordinates for the function f(z).

(b) Derive the Cauchy-Riemann equations in polar coordinates for the function f(z) assuming

that f/(z) exists at any point zp.

4. (a) Give an example of a function of two variables u(z,y) that is polynomial in z and y of degree
at least three and is harmonic.

(b) Find a harmonic conjugate of u(z,y) obtained in part (a).

12



1999-2000 Fall, Midterm 2

1. Evaluate / me™ dz, where C' is the boundary of the square with vertices at the points 0, 1, 1 +4

c
and i, the orientation of C' being in the counterclockwise direction.

2. (a) Find all the values of sinh™*(3).
(b) Show that sin™'(—i) = n7 +i(—=1)" ' In(1 + v2), n =0,£1,42,---

3. (a) Show that

cosz = cosxcoshy —isinzsinhy and sinz = sinxzcoshy — ¢ coszsinhy.

(b) Show that
|cosz|?> = cos?z + sinh?y and |sinz|?> = sin® z 4 sinh? y.
4. (a) Show that (14 )27 =2eT%?"™ [sin (2 In2) +icos (5 In2)].

(b) (Cauchy’s integral formula) Let f(z) be analytic in a simply connected domain D. Then for
any point zg in D and any simple closed path C' in D that encloses zy

(2) dz = 2mif(20),
c ?— 20

where the integration being taken counterclockwise.

2241

Use Cauchy formula to evaluate / poa dz, where C is the circle |z — 1| = 1 in the counter-

c?? =
clockwise direction.
1999-2000 Fall, Final
1. Show that when |z3| # |24/, Atz < CARAE] .
z3+ 24| = |lza] — [24]|

2. Find the four roots of the equation z* + 4 = 0 and use them to factor z* + 4 into quadratic factors
with real coefficients.

3. Solve the equation cos z = v/2 for z.
4. Show that Log(1 +i)? = 2 Log(1 + i) but that Log(—1 +4)? # 2Log(—1 + i).

5. Show that |p,(z)| <1 for all z € [—1, 1], where

1 T
pn(x):f/ [ +iv1—22cosb]"df, n=0,1,2,---.
™ Jo

d
6. Use the Cauchy-Goursat theorem to show that / : = 0, where the contour C' is the

c22+22+4+2
circle |z| = 1.

7. Let C denote the boundary of the square whose sides along the lines © = +2 and y = £2 in the
positive sense. Evaluate.

(a) /C % dz.

13



sin z
b ———dz
(b) /C (z=3)(z+1)?
8. Show that e"* = (cosh z + sinh 2)™ = coshnz + sinh nz. Then use this to find formulas for cosh 2z

and sinh 2z in terms of sinh z and cosh z.

sin 2n6
2sinf

9. Prove that cosf + cos 360 + cos 50 + - - - + cos(2n — 1)0 =

10. (a) State Morera’s theorem.
V5 +3i
1—1

(b) Evaluate

14



