MCS 352 2009-2010 Spring
Exercise Set V

1. Express e* in the form u + iv for the following values
of z.

2. Find the real and imaginary parts of

(a) €.
(b) 2°.
3. Find all values of z for which the following equations
hold.
) ef = —4.
) € =2+ 2i.
(c) ¢ =V3—i.
(d) e* = —1+1iV3.
) ef = -2
) e* =1+iV3.
)

el =1.

4. Prove that e*T™ = ¢*~"" holds for all 2.

5. Express e’
iv(z,y).

6. Show that |e=*| < 1 if and only if Re(z) > 0.

and e in the Cartesian form u(z,y) +

7. Show that f(z) = ze® is analytic for all z by showing
that its real and imaginary parts satisfy the Cauchy-
Riemann sufficient conditions for differentiability.

8. Find the derivatives of the following.

9. Let n be a positive integer. Show that

(a) ()" = e

10.

11.

12.

13.

14.

15.
16.

17.

18.

19.

Show that Z e™* converges for Tm(z) > 0.

n=0

Use the fact e is analytic to show that e ~V" sin 2xy
is a harmonic function.

Show the following concerning the exponential map.

(a) Theimage of the line {(z,y) : x =t, y = 2w+t},
where —oo < t < oo is a spiral.

(b) The image of the first quadrant {(z,y)
0, y > 0} is the region {w : |w| > 1}.

LT >

(c) If a is a real constant, the horizontal strip
{(z,y) : a <y < a+ 2rn} is mapped one-to-
one and onto the nonzero complex numbers.

(d) The image of the vertical line segment {(x,y) :

x =2,y =1t} where % <t< % is a half circle.

(e) The the
™ .

{(m,y) cx>0,y= g} is a ray.

image  of horizontal  ray

Show that

(a) 237 — _¢2,

(b) e 7" = \/5(1 + ).
(c) et = —e*.

Write [e2*7] and |ei"2| in terms of x and y. Then
show that

. .92
|62z+z +ezz | § 6293 +€72wy.

Show that ei* = €% if and only if z = nr, n € Z.

(a) Show that if e* is real, then Im(z) = nr, n € Z.

(b) If * is pure imaginary, what restriction is placed
on z?

Describe the behavior of e* = e*e*¥ as

(a) z tends to —oo;

(b) y tends to oo;

Write Re(e*) in terms of 2 and y. Why is this func-
tion harmonic in every domain that does not contain
the origin?

Find all values for
(a) Log(ie?).
(b) Log(V3—i).
(c) Log(iv2 — V2).



20.

21.

22.

23.

24.

25.

26.

27.

28.

Find all the values of z for which each equation holds.

(a) Log(z) =1 — i,

4
(b) Log(z—1) = 15
(c) e = —ie
(d) e*t! =

Show that the following functions are harmonic in the
right half-plane {z : Rez > 0}.

(a) u(z,y) =In(2? +47).
(b) arctan (E)

X

Show that 2" = ¢"!°%a(2) where n is an integer and
log,,(2) is any branch of the logarithm.

Construct branches of f(z) = log(z + 2) that are an-
alytic at all points in the plane except at points on
the following rays.

(a) {($,y) x> 2,y = 0}
(C) {(:c,y) T = 723 Yy S 0}

Show that the mapping w = Log z maps

(a) the ray {z =re 1 >0,0= g} one-to-one
77

and onto the horizontal line {(u, V)t v = g}

{z:2ei9 : _r <fh< I} one-
2 2

to-one and onto the vertical line segment

(b) the semicircle

s 7r
== <v< <o
{(1n2,v) 5 <v< 2}
Show that
(a) Log(fei):lfgi.
1 us
Log(l—4)==In2 — —i.
(b) Log(1 — i) = 02—

Verify that when n =0,+1,£2,---.

(a) loge =1+ 2nmi.
1
(b) logi = <2n + 2) .

(c) log(—1+V3i) =In2+2 (n + ;) i

Show that
(a) Log(1+14)? = 2Log(1 +1i).
(b) Log(—1+1)? # 2Log(—1+i).

Show that

(a) log(i%) = 2logi when

9
logz=1Inr+1i0, r >0, E<9< o
4 4
(b) log(i?) # 2logi when
3 11
logz=1Inr+10, r>0, £<9<T7T.

29. Show that
(a) the set of values of log(i%) is (n+ D, n =
1
0,+1,42,- - and that the same is true of 5 log i.

(b) the set of values of log(i?) is not the same as the
set of values of 2log1.

30. Find all roots of the equation log z = zg

31. Show that

(a) the function Log(z — ¢) is analytic everywhere
except on the half line y =1,  <0.

(b) the function
Log(z + 4)
2241
is analytic everywhere except at the points

1—
j:—l and on the portion x < —4 of the real
V2

axis.
32. Show that
1
Re(log(z — 1)) = 5111((1; —1)2+9%), 2 # 1.

Why must this function satisfy Laplace’s equation
when z # 17

33. Show that if rez; > 0 and rezq > 0, then

Log(z122) = Log z1 + Log zs.

34. Show that, for any two nonzero complex numbers z;
and z9,

Log(z122) = Log z1 + Log 22 + 2N i
where N has one of the values 0, 1.

35. Show that when n =0,£1,+2,---

(a) (1+14)" =exp (7% + 2n7r) exp <; In 2).
(b) (—=1)7 = @t

36. Find the principal value of



37. Find all values of

(a) it

(b) (-1)V2.
() (i)=

(d) (1+14)>
() (-1)%
(f) (i)

38. Show that (—1+iv/3)? = +2v/2.

39. Show that the result in Exercise 38 could have ob-
tained by writing

A3
(a) (—1+i\/§)% = ((—1 + Z\/g)f) and first finding
the square roots of —1 + iv/3.

(b) (—1+iv3)?} = ((-1+iv3)*)
—1+iV/3.

40. Let ¢ = a + bi be a fixed complex number, where

c#0,£1,42 ---, and note that i¢ is multiple-valued.

What restriction must be placed on the constant ¢ so
that the values of |i¢| are all the same?

[N

and first cubing

41. For z = re'® # 0, show that the principal branch of
(a) 2*is given by the equation
2t = e ?(cos(Inr) + isin(Inr)),

where r >0 and —7w < 0 < 7.

(b) 2% (a a real number) is given by the equation
z% =r®cosal + ir®sinab,
where r > 0 and —7 < 0 <.
42. Write tan z in the form u(z,y) + iv(z,y).
43. Show that for all z,
(a) sin(m — 2z) = sin 2.
(b) sin (g - z) = COS 2.
¢) sinh(z 4 im) = —sinh 2.
)
)
)

(

(d) tanh(z + i) = tanh 2.
(e) sin(iz) = isinh z.
(

44. Express the following quantities in v + v form.

f) cosh(iz) = cosz.

(a) cos (1+1).
(b) sin (”ZM).
(c) sin2i.

(d) cos(—2+1).

(e) tan <”Z%).
(f) tan (2”)

(g) sinh (1 + im).

oo (17,
(i) cosh <4 4”).

45. Find the derivatives of the following, and state where
they are defined.

46. Show that

Z = sin z holds for all z.
sinZ is nowhere analytic.
CcosZ = €os z holds for all z.

cos Z is nowhere analytic.

sinh Z is nowhere analytic.

)
)
)
)
e) sinhZ = sinh z holds for all z.
)
) coshZz = cosh z holds for all z.
)

47. Show that tanh z = tanh Z at points where cosh z # 0.

48. Show that
cosz—1 _

(a) lim —— =0

z—0 z
(b) lim tan(xg + iy) = 4, where z¢ is any fixed real
y—o0

number.

49. Find all values of z for which each equation holds.

(a) sinz = cosh4.
(b) cosz =
(c) sinz =4sinh1
1
d hz=—-.
(d) sinhz 5
(e) coshz =
(f) sinhz =1.
1
hz=—.
(g) coshz 5
(h) coshz = -2

50. Show that for z = = + iy,
(a) |sinz| > |sinx|.
(b) |cosz| > |cosx|.
51. Show that for z = = + iy,
(a) |sinhy| <|sinz| < coshy.
(b) |sinhy| <|cosz| < coshy.



(¢) |sinhz| < |coshz| < coshz. (n) arctanhO.

52. Show that |cosz|? + |sinz|> > 1 for all z € C, and (0) arctanhiv/3.

the equality holds if and only if 2z is a real number. 58. Solve the equation sin z = 2 for z by

53. Show that (a) equating real parts and imaginary parts in that

(a) cos(iz) = cos(iz) for all z. equation.

(b) sin(iz) = sin(iz) if and only if z = nwi, n € Z. (b) Using the formula for arcsin z.

54. Give an elegant argument that explains why the fol- 59. Establish the following identities.

lowing functions are harmonic. o\ 1
(a) arccosz = —ilog (z +i(l—=2 )2>

(a) h(z,y) =sinzcoshy i )
(b) h(z,y) = coszsinhy. (b) o Arecosz = _(1_7)%~
(¢) h(z,y) = sinhzcosy. it
() h(z,y) = coshzsiny. (c) arctanz = = log (Z—z)'
55. Establish the following identities. (d) i arctan z — %
(a) € =cosz +isinz. o b T
o (e) arcsinz + arccos z = — + 2nm, where n € Z.
(b) cosz = coszcoshy —isinxsinhy. 2
(c) sin(z1 + 2z2) = sin z; cos z5 + cos 27 sin 2. (£) da arctanh z = 1712
(d) |cosz|? = cos? z + sinh?y. o L
() |cosh z|? = sinh? z 4 cos? y. (g) arcsinh z = log (Z T 1)5)'
(f) |sinh z|> = sinh? z + sin? y. (h) 4 arcsinh z = 1 .
(g) coshz = coshxcosy + isinhxsiny. dz (22 +1)2
(h) cosh® z —sinh® z = 1. (i) arccosh z = log (z + (22— 1)%).
(i) sinhz + coshz = €. L d 1
) ) (j) = arccoshz = -
(j) cosh(z1 4 z2) = cosh z;1 cosh 22 + sinh 21 sinh z5. dz (22 -1)2
(k) sinh(z 4+ 7i) = —sinh 2.
(1) cosh(z + 7i) = — cosh z.
(m) tanh(z 4+ 7i) = tanh z.

56. Show that
(a) sinhz =0 if and only if z = nwi, n € Z.
(b) coshz =0 if and only if z = (g + mr) i, n €.
57. Find all values of the following.
.5
(a) arcsin 1

arccos —.
3

arcsin 3.
arccos 3.
arctan 21.
arctanz.

arctan(1 + 7).

arcsinh —.

4
arccosh 3.
arccosh(—1).
arccosh —.

2

arctanh .

)
)
)
)
)
)
h) arcsinhi.
)
)
)
)
)



