MCS 352 2009-2010 Spring
Exercise Set XII

1. Find the residue at z = 0 of the function

(a) —

2+ 22

o ze (1)

z —sinz
() ———.

(d)

z
cot z

24
sinh z

(e) 24(1 — 22)°

2. Use Cauchy’s residue theorem to evaluate the integral
of each of these functions around the circle |z| = 3 in
the positive sense:

(z—1)%
22ex.
z4+1
22 -2z

3. Let C denote the circle |z| = 1, taken counterclock-
wise, and follow the steps below to show that

1 N 1
C n=0

(a) By using the Maclaurin series for e* and the
termwise integration, write the above integral as

=1 1
Z — ;Az” exp () dz.
n! z
C

n=0

(b) Apply Cauchy’s residue theorem to evaluate the
integrals appearing in part (a) to arrive at the
desired result.

4. In each case, find the isolated singularity of the given
function and determine whether that point is a pole,
a removable singular point, or an essential singular
point:

PRl

5. Show that the singular point of each of the following
functions is a pole. Determine the order of that pole
and the corresponding residue.

1 —coshz
@
1— €2Z
b .
(b) —
2z

e
c) —.
(c) EEIE
6. Suppose that a function f is analytic at zg, write

f(2)

. Show that
zZ— 20

9(2) =
(a) if f(z0) # 0, then z is a simple pole of g, with
residue f(zp).
(b) if f(z0) = 0, then zp is a removable singular
point of g.
7. Write the function

8a3 22
f(z):m7 a>0
as
8a>2?
(z 4+ ai)?’

¢(2)

m where

f(z) = ¢(z) =
Point out why ¢(z) has a Taylor series representa-
tion about z = at, and then use it to show that the

principal part of f at that point is

¢"(ai)/2 N @' (ai) ¢(ai)

z—ai (z—ai)?  (2—ai)d
_ /2 a/2 a?i
 z—ai (z—ai)?  (z—ai)3



8. In each case, show that any singular point of the func-
tion is a pole. Determine the order of each pole, and
find the corresponding residue.

2242
(a) ——

® (557)

z

©
9. Show that
(a) Zfie_s1 zz—f 1= 1\;—;7 0 <argz < 2.
(b) Res (zg(f e =
(c) ljgzb (222_51)2 = ;_/g, 0 <argz < 2m.

10. Find the value of the integral

32342

9§ z-1)(z2+9) az,
C

taken counterclockwise around the circle
(a) |z —2|=2.
(b) |2 = 4.
11. Find the value of the integral
1
—d
7§ EICE YA
C
taken counterclockwise around the circle
(a) [z] = 2.
(b) |z 42| =3.

12. Evaluate the integral
55 cosh 7z ds
z(z2+1)
c

where C is the circle |z| = 2, described in the positive
sense.

13. Show that the point z = 0 is a simple pole of the

function )

f(z) =cscz = -

and that the residue there is unity.

14. Show that

z —sinh z )
Res ———— = —.

(2) ) 22 sinh z s
eZt ezt

b) R R = -2 t.

(b) z:(irsi sinh z z:gii sinh z cosm

15. Show that
(3) Res(zsecz) = (~1)"*z,, where 2, = = +

nﬂ',nn =0,+1,£2,---.
b) Res(tanhz) = 1, where z, = T +nm)i, n=
( 2

Z=Zn

0,+1,42,---.

16. Let C denote the positively oriented circle |z| = 2 and
evaluate the integral

(a) %tan zdz.

C

1
(b) % sinh 2z dz.

C

17. Let Cy denote the positively oriented boundary of
the square whose edges lie along the lines

1 1
x::t<N+2>7r and y:j:<N+2>7r,
where N is a positive integer. Show that

N
dz 1 (=)™
-+ 2 .
yg 22sin z 6 * nz::l n2m2 ]

Cn

= 2m1

Then, showing that the value of this integral tends to
zero as N tends to infinity, point out how it follows

that
2

i (_1)n,+1 B TL
n2 127

n=1

18. Show that

?g dz o
(221243 22
c

where C is the positively oriented boundary of the
rectangle whose sides lie along the lines x = +2, y =
0, and y = 1.

19. Consider the function

where ¢ is analytic at zg, g(z9) = 0, and ¢’(29) # 0.
Show that zy is a pole of order 2 of the function f,
q//(zo)

¢/ (z0)]*

with residue —



20. Use the result in Exercise 19 to find the residue at
z = 0 of the function

(a) f(z) = csc? 2.

1
(b) f(2) = m

21. Use residues to evaluate the improper integrals.
(&) /Ooo :vzd—]; 1
< d
o wr
@ J, w5

.732

(d)/o (22 + 1)(22 + 4) d.

() /0 (22 +9) (22 + 4)2 d.

22. Use residues to find the Cauchy principal values of
the integrals.

o dx
(2) 242 +2
— 00

(b) /,oo ) T

23. Use residues and the contour shown below, where R >
1, to establish the integration formula

/°° de 27
o T+1 33

y

Rexp(i2n/3)

24. Let m and n be integers, where 0 < m < n. Follow
the steps below to derive the integration formula

/OO xz2m p T 2m +1
————dr = — csc ).
0o a2 +1 2n 2n

(a) Show that the zeros of the polynomial 22" + 1
lying above the real axis are

[.(2k+1)7r]
Cp, =€exp [t———— |,

2n

k=0,1,2,---
that axis.

,n—1, and that there are none on

(b) Show that

ZQm 1
——e€

_ i(2k+1)a
zli%i z2n 41 2n ’

k =0,1,2,--- ,n — 1, where ¢, are the zeros
found in part (a) and
2m+1
= .
2n

Then use the summation formula
n—1

1—2"
k=0

to obtain the expression

z#1

n—1

) ZQm T
211 E Res 5 = - .
P 41 n sin «

(c) Use the final result in part (b) to complete the
derivation of the integration formula.

25. The integration formula

[

- 8\/;43 (20> + 3)VA+a+avVA—al,

where a is any real number and A = v/a? + 1, arises
in the theory of case-hardening of steel by means of

radio-frequency heating. Follow the steps below to
derive it.

(a) Point out why the four zeros of the polynomial
q(2) = (2> —a)* +1

are the square roots of the numbers a +i. Then,
showing that the numbers

1
V2

and —zg are the square roots of a 41, verify that
+7Zg are the square roots of a — i and hence that
2o and —Zg are the only zeros of ¢(z) in the upper
half-plane Im z > 0.

(b) Using the method derived in Exercise 19, and
keeping in mind that 22 = a + i for purposes of
simplification, show that the point zy in part (a)

[q(2)]?

and that the residue By at zg can be written

20

(VA+a+ivVA—a)

is a pole of order 2 of the function f(z) =

q"(20) _a— i(2a + 3)
[q'(20)]3 16422,

B = -



After observing that ¢/(—z) = —¢/(z) and
q¢"(—z) = —¢"(z), use the same method to show
that the point —Zg in part (a) is also a pole of
order 2 of the function f(z), with residue

e ) =5

Then obtain the expression

—a+1i(2a® + 3)]

1
Bi+By=—1
1B 8A2im[ 0

for the sum of the residues.

Refer to part (a) and show that ¢(z) > (R—|zo|)*
if |z2| = R, where R > |zp|. Then, with the
aid of the final result in part (b), complete the
derivation of the integration formula.

26. Use residues to evaluate.

o0 coS T
(a) 2 (2 1 B2
—oo (% + a?)(2? + b?)
COS GT

o0
b et
Ol
*  cosax
(C)/o (22 + b2)2
/°° acsm2x
0 x2+3

> gsinax

dx,a>b>0.
dx, a > 0.

dx,a >0, b>0.

dm a > 0.

dx, a > 0.

/ z3sinax

rsinx

(2) /_oo (22 + 1) (22 + 4) dx

(e%e] 3 o
(h) / i T sm;c e
o (@2+1)(22+4+9)
27. Use residues to find the Cauchy principal values of
the improper integrals.
sin x

(2) /,Oom2+4x+5 o
*® (x+1)cosz
b ——d
()/_Oo 2214z 15"
cos

(© /_O; GraZ+i?

28. Using the indented contour below

dz, b > 0.

Cr

(a) derive the integration formula

Ao" cos(ax) — cos(bx) dr — z(b

22 2 —a)

a >0, b>0. Then, with the aid of the trigono-
metric identity 1 — cos(2z) = 2sin? z, point out
how it follows that

* sin? x T
5 der = —.
0 X 2

evaluate the improper integral

|, @
0 (332 + 1)2

where —1 < a < 3 and 2% = exp(alnz).

dzx,

use the function

(2) zélogz eélogzlogz
Z) = =
2241 2241 7
|z| >0, - < argz < 3T, to derive this pair of

integration formulas:

o \S/Elnxdx w2

0 x2 + 1 6 ’
and -
\f K
o ¥+ 1 \/3
(d) use the function
_ (log z)?
f(Z) - 22 + 1 9
|z2| >0, =% < argz < 3Z, to show that
* (Inz)? w3
o r2+41 do = 8’
and o
nx
| wyae=o
29. Use the function
1 llogz
f@)= =
(z4+a)(z+b) (2+a)(z+0b)’

|z| >0, 0 < argz < 2w, and closed contour similar to
the one below to show formally that




30.

31

32.

/""%dx:%?f—%
o (z+a)(z+b) V3 a—b
a>b>0.

Show that
o dx T

o VE@+1) V2
by integrating an appropriate branch of the multival-
ued function

—1
z e 2

22+1: 2241

-1 log z

f(z) =
over

(a) the indented path in Exercise 28.

(b) the closed contour in Exercise 29.

The beta function is this function of two variables
1
Blpa) = [ 01— at
0

p >0, ¢ > 0. Make the substitution ¢t = and

x+1
use the result

<zt ™
/ = —— , —1l<a<0,
o r+1 sin am

obtained in class, to show that

B(p71_p):

- ,0<p<1.
sin(pm)

Consider the two simple closed contours shown below
and obtained by dividing into two pieces the annulus
formed by the circles C, and Cg in the picture used
in Exercise 29. The legs L and —L of those contours
are directed line segments along any ray argz = 6,
where m < 0y < 37” Also, I', and v, are the indicated
portions of C,, while I'g and yr make up Ck.

=
=

|
|
|
|
|
!
|
1
A

Yo

Vr

(a) Show how it follows from Cauchy’s residue the-
orem that when the branch

|z2| >0, =% < argz < 2%, of the multivalued
—a

function

is integrated around the closed

z
contour on the left of figure above,

/pR :J—ral dr+F{f1(z)dz+L/f1(z)dZ

+ / fi(z)dz = 2mi Zlie_sl fi(2).
FP

(b) Apply the Cauchy-Goursat theorem to the
branch

Z*(l

|z2| >0, 2 <argz < 2, of 1 integrated
z

around the closed contour on the right of figure

above, to show that

R . —a,—i2am
r e
— d d
/p r+1 rt /fz(Z) ‘
Y

L/fQ(Z)dz+7[f2(z)dz—0.

(c) Point out why, in the last lines in parts (a) and

(b), the branches f(z) and fs(z) of Z‘: -

can

be replaced by the branch

f(z) =

z+1

|z| >0, 0 < argz < 27. Then, by adding corre-
sponding sides of those two lines, derive equation

R . —a R, —a,—i2am
/ ! err/f(z)dz—/ T
, r+1 p T+l

+ / f(z)dz = 2mi ZP:\e_sl f1(2),

Cp

which was obtained only formally in class.

33. Use residues to evaluate

(a) /2”d0
o D+4sinfd’
g df

b _—

() /,7r 1+ sin?0

(© /27r cos? 30 do
o H—4cos20



34.

35.

36.

37.

38.

27
do
d — 1 1.
( )/0 1+ acosf’ sas
T cos 260 do
_——, -1 1.
(e)/o 1—2acosf +a?’ sas

T db
(f)/o (a—l—cos@)Q’a

(g) / sin®"0df, n=1,2,3---.
0

> 1.

Let C denote the unit circle |z| = 1, described in the
positive sense. Determine the value of A¢ arg f(z)
when

(@) () = 22
23

) ()= =2
(22 —1)7

(c) f(z) =

Let f be a function which is analytic inside and on
a simple closed contour C, and suppose that f(z) is
never zero on C. Let the image of C' under the trans-
formation w = f(z) be the closed contour T' shown
below. Determine the value of A arg f(z) from that
figure; and determine the number of zeros, counting
multiplicities, of interior to C.

23

v

5

3

Suppose that a function f is analytic inside and on a
positively oriented simple closed contour C' and that it
has no zeros on C. Show that if f has n zeros z, k =
1,2,--- ,n, inside C, where each z; is of multiplicity
my, then

2f'(2)
f(2)
C

n
dz = 2mi E ME2E.
k=1

Determine the number of zeros, counting multiplici-
ties, of the polynomial

(a) 2% =524 4+ 23 — 22,

(b) 22* — 223 4222 — 224+ 9.
inside the circle |z| = 1.

Determine the number of zeros, counting multiplici-
ties, of the polynomial

39.

40.

(a) z* +32% +6.

(b) 2* =228 + 922 + 2 — 1.

(c) 25 +323 +22+1.
inside the circle |z| = 2.

Determine the number of roots,counting multiplici-
ties, of the equation

22° 622+ 2+1=0
in the annulus 1 < |z| < 2.

Show that if ¢ is a complex number such that |c| > e,
then the equation cz™ = e® has n roots, counting
multiplicities, inside the circle |z| = 1.



