1. Find Res,—¢ f(z) for

(¢) f(z) =cscz.

22 +42+5
(@ 5z = =57
(e) f(z) =cotz
(f) f(2) =2"3cosz
(8) f(z) =2""sinz.
(h) f(2) = 22 +Z432+5

2. Evaluate

dz
(a) % C1(—144) Z4+4

-¢Cz(0) Z + Z

sin z
0) 422 — 72 7r2

(0) Z2sinz’

o,
O B
of,
0§,

(0) zsin? 2z’

MCS 352 2009-2010 Spring
Exercise Set XI

. Let f and g be analytic at zo. If f(20) # 0

and g has a simple zero at zy, then show that
Res..,, 12) _ 120)
9(z)  g'(z0)

. Find ?g(z —1)72(2% + 4)~' dz when
c

(a) C=Ci(1).
(b) C = Cu(0).

. Find %(26 +1)7' dz when
c

(a) C= C% (7).
(b) C = Ci(H). Hint: If z is a sin-
. 1
gularity of f(z) = 1 show that
Res.—., f(2) = —%20.

. Find %(324 +102% + 3)"! dz when
c

(a) C = C1(iV3).
(b) O =Cr(Z).

.Fmd&é(z — 23— 22%)"1dz when
C

(a) C = C5(0).
(b) C = C3(0).

. Use residues to find the partial fraction repre-

sentations of
1

224+3z+2

32 —3
22—z -2
22 —T724+4

22(z+4)

10z

(22 +4)(2 +9)
222 -32—-1
(e) o
22 +322—2z+1
2(z4+1)2(z2+ 1)




9. Let f be analytic in a simply connected domain
D, and let C' be a simple closed positively ori-
ented contour in D. If 2z is the only zero of f
in D and zg lies interior to C', then show that

L[ f(2)

2ri Jo f(2)
the zero at zg.

dz = k, where k is the order of

10. Let f be analytic at the points 0,+1,42,---.
If g(z) = =f(z)cotmz, then show that
Res,—n g(z) = f(n) for n =0,4+1,4+2,---.

11. Use residues to find

2 1
(&) /0 36059+5d0'
27 1
() /0 4sinf +5 d0-
2m
© [ o ®
o 15sin“f+1
27 1
(d) /0 5cos20+4 d0-
2m s 2
sin” 6
—df.
() /0 5+ 4cosf

sin? 0

2
f —db.
()/0 573c059d€

27 1
(g)/o (5 + 3 cos )2 0.

(h) /<

1

5+ 4 cosh)? 0.

27
Q) / cos 20 o,
o 9+ 3cosd

21
. cos 260
(W) /0 13— 12c0s0 "

27 1
(k)/o (14 3cos?6)? d0-

27 1
1 ——d0.
) /0 (14 8cos?6)? 40
cos? 30

2
—df.
(m)/o 5 — 4 cos 26

cos? 30

2m
—df.
(n)/o 5—3cos29d

( ) /27r 1
© o acosf+bsinfd+d
and d are real and a2 + b% < d>.

df, where a, b,

27 1
df, wh , b,
) /0 acos? +bsin? 6+ d where d
and d are real and a > d and b > d.

12. Use residues to evaluate

o0 x2

(a) /_OO 7@2 TOP dx.
> 1

(b) /_0071;2—1—16(1%

(c) [m 7@2 f_ 9 dx.
* x+3
(d) /_OO 7@2 o dx.

o0 2
(e)/ de.

oo (@2 4+9)2
(f) /_O:O ﬁ dz.
© [
o0 2
() [m (x;vwdx.

. o 1
) /_oo @0
. o T+ 2
() /_OO (z2 +4)(z2 +9) dx
© 322 4+2
() /_oo @@ 19

e 1

oo x4

dx, where a > 0

o 1
) /,oo @ r @)@ 1 )
and b > 0.

00 2
(O) / (:/‘L'2i|v—7a2)3 d.’l?, where a > 0.

13. Use residues to find the Cauchy principal value
of

> cosw > sinz
(a) / mdfﬂ and /;Oomdx
° xcosx  rsinx

(c) /Oo (;Si%f)zdx.

> cosz
(d) /m Gt

(e) /°° __cosT

—oo (2% +4)(2? 4 9)
cosT

(®) /,Oo (2 4+ 1)(z2 +4) dx.
() /°° cos T di.

o X2 —224+5



w [
W[
0 [
w [
o[

Ccos T
22 —4x+5
rsinT
i+ 4

23 sinz

4 +4

dx.

dx.

dzx.

cos 2x
———dx
22 422+ 2
23 sin 2%

dx.
x4 +4 v

14. Use residues to compute

1 1
metric identity sin® z = 373 cos 2x.

< gin?
. / dx. Hint: Use trigono-
oo X2

15. Use residues to compute

) P.V.

(b) P.V.

3

/0 Md”

=

00 1

(c) P.V. R
o (1+x)?

d) P.V. ——dx.

( ) 0 1+1'2 v

22 +1
log(z + 1)
22+1

(e) P.V. / de. Hint: Use the
0

integrand f(z) =
Inz
) P.
V. / 1—|—x2
(oo}
PV/ 1n1+gc dx7whereO<a<1.

e 1n:17
(h) P.V. /O m dﬂf, where a > 0.

oo -
(i) P.V. / "0 Jx.  Hint: Use the in-
oo X
tegrand f(z) = € and the contour C
z

shown below. Let r — 0 and R — oo.

[e%s} 2
(i) P.V. / sin —Z de. Hint: Use the inte-
CE

— 00
_ 12z

1
grand f(z) = 75 and the contour C
z

shown above. Let r — 0 and R — oo.

(k) The Fresnel integrals / cos(z?) dz and
0

o0
/ sin(z?) dz are important in the study
0

of optics. Use the integrand f(z) = e
and the contour shown below, and let
R — 00 to get the value of these inte-
grals. Use the fact from calculus that

e 2 ™
e drx=4/—=.
/ 2

y

. Let f(2) = 2° — 2. Find the number of times
the image f(C) winds around the origin if



17.

18.

19.

20.

21.

22.

23.

24.

25.

(a) C = C1 (0).
1
(b) C is the rectangle with vertices :l:§ =+ 3.

(c) C = (Cy(0).

(d) C = Cy.2509).
Show that four of the five roots of the equa-
tion z° + 15z + 1 = 0 belong to the annulus
A(0,2,2) ={z: 3 < 2| < 2}.
Let g(z) = 25 + 42 — 15.

(a) Show that there are no zeros in D1(0).
(b) Show that there are five zeros in D5 (0).
Hint: Consider f(z) = —2°.

Let g(z) = 23 + 92 + 27.

(a) Show that there are no zeros in D2 (0).
(b) Show that there are three zeros in D4(0).

Let g(2) = 25 + 622 + 22 + 1.

(a) Show that there are two zeros in D;(0).
(b) Show that there are five zeros in D5(0).

Let g(z) = 25 — 52 + 10.
(a) Show that there are no zeros in |z| < 1.

(b) Show that there are four zeros in |z| < 2.

(c) Show that there are six zeros in |z| < 3.
Let g(z) = 323 — 2i22 +i2 — 7.

(a) Show that there are no zeros in |z| < 1.
(b) Show that there are three zeros in |z| < 2.

Use Rouché’s theorem to prove the fundamen-
tal theorem of algebra. Hint: For the polyno-
mial g(2) = ap+arz+--+a,_12"" 1t +a,z",
let f(z) = —an2™. Show that, for points z on
the circle Cr(0),

)f(Z) +9(2)
f(2)

and conclude that the right side of this inequal-
ity is less than 1 when R is large.

lao| + |ax| + -+ + |an—1]
lan| R ’

Suppose that h(z) is analytic and nonzero and
|h(z)| < 1 for z € D1(0). Prove that the func-
tion g(z) = h(z) — 2™ has n zeros inside the
unit circle C1(0).

Suppose that f(z) is analytic inside and on the
simple closed contour C. If f(z) is a one-to-
one function at points z on C, then prove that
f(2) is one-to-one inside C. Hint: Consider
the image of C.



